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Chapter 1

Differential Equations

1.1 Introduction

This Section can be found in the Section 2.3 of the Textbook

1.1.1 Newton’s Law of Cooling

A: Ambient Temperature (assume constant)
T: Fluid Temperature (depends on time t)

dr

— = kA-T)

k>0

(1.1)

1. A>T => % > 0 : coffee is heating

2. A<T => ‘é—{ < 0 : coffee is cooling

3. A=T => 9L — ( : equilibrium state

dt
dT
—— = | kdt
i/

In|T — Al = —kt + Cy
nIT—A| _ —kt+Cy

Solution of (1.1):

T—A>0=>T(t)=A+ Cyel — kt)
T—A<0=>T(t)=A— Coel — kt)
T—A=0=>Cy=0

General solution of (1.1) is T'(t) = A+ Cze % ; 03 € R

If Ty = T(0) is specified then C3 = Ty — A, so that T(t) = A+ (Ty — A)e** solution of the
initial value problem.

e k determines how fast T'(t) converges to A.



e Equation (1.1) is 1% order, constant-coefficient, linear differential equation(DE). It is
non-homogeneous or forced.

e t is independent, T is the dependent variable.

e Solution is reasonable as we would expect.

1.1.2 Application to ”Time of Death”: Coroner’s Exam

e Death occurs at t = 0, T(0) = 36°

e Body temperature is measured at t = t; and t = 1+ ¢ := to, T(t1) = 25°, T'(t2) = 23°,

A =20°

e Equation at t; : 25 = 20 + (36 — 20)e~*"1, hence kt; = In’2

e Equation at t3 : 23 = 20 + (36 — 20)e~*"1, hence kty = In’d

Using to = t; + 1 and solving for k and t1: k& = ln% t1 =

In(16/5)

, t1 = 2.28 hours, death

occured 2 hours 17 minutes before the first measurement. Two major assumptions made: A

is constant and k is constant.

1.1.3 Newton’s 2" Law of Motion

An object of mass m undergoes a net force F'(t). Let x(t) be the displacement of the object
from an equilibrium position z(0) = xg.

d*x

Suppose F(t) = Fpy, constant. Integrating once:

and integrating once more:

Hence

d
mi = F()t + muvg

dt
dx

v = —
07 dt |,

1
mx(t) = 5Fot2 + mugt + mag

zo = z(0)

1
z(t) = %Fot? + vot + 20

t>0

with vg:initial velocity and xg: initial position

(1.2)



e (1.2) is a 2"? order, linear, constant coefficient, non-homogeneous DE.
e It is not always possible to solve a differential equation by direct integration:

Example
E(t) = L% + o,
dE Ld2t L1
dt — Tdt? " C
since Cd(}’tc =i(t). If we try to solve (1.3) by integration, then

tdE di 1 [t
Zdt=L—+= [ i{t)dt+C
/0 dt dt+2/0Z() T

i (1.3)

where both % and [ i(t)dt are unknown and we can not proceed. We need another technique
to solve (1.3), which is a 2"d order, linear, constant-coefficient, non-homogeneous differential
equation.

1.1.4 Population Dynamics
Let N(t) be a population of something at time ¢. Then,

dN
N(0) = N (1.4)
a,b>0

is called a ”logistic population model”. Its solution is,

aNO

N(t) =
() bNy + (a — bNg)e—at

as can be checked by substituting into (1.4)

e Solution converges to ¢, starting at Ny and converges monotonically increasing if No <
b
e (1.4) is nonlinear, 1% order, homogeneous DE.

o if Ng > 7, then there is a vertical asymptote at T' = éln(b]gjovga), and population

decreases to %

1.2 Ordinary Differential Equations
This Section can be found in the Section 2.2 of the Textbook
F(z,y(x),9(x),....,y"(x)) =0 (1.5)

Is the most general ordinary differential equation since only the ordinary (not partial) deriva-
tives of the dependent variable y appear in the argument of /. The function F' has n + 1



arguments with x, the independent variable. This differential equation is linear of F' is such
that (1.5) can be rewritten as:

ao(2)y ™ (x) + -+ ap_1 (2)§(2) + any(z) = f(2) (1.6)

for some functions a;(z) (i = 0,...,n) and f(x). The linear differential equation (1.6) is
homogeneous (unforced) if f(z) = 0 otherwise, it is non-homogeneous (forced). The order
of both (1.5) and (1.6) is n since this is the highest order derivative that appears (provided

ap # 0).
Example
1. §+y? =0is a 15 order, nonlinear, ordinary differential equation.

2nd

2. 2% +y = 2sin(x) is a order, linear, non-homogeneous differential equation.

A solution of (1.5) or (1.6) is a function of y(x) that satisfies the equation for all z in interval
D C R, which is also called a domain of validity.

Example

1. y(z) = L is a solution in Dy = (—o0,0) or Dy = (0,00) of § +y? =0

2. y(xz) = Asin(x) + Bcos(z) is a solution to j+y = 0 for any A, B € RinD =R =
(—OO, OO)

A solution must be obviously be ”differentiable” and hence ” continuous” over the domain D.

1.2.1 First Order Linear Differential Equations

ao(z)y + a1(z)y = f(x) can be put into the form:

v+ p(x)y = q(x) (1.7)
al
pi=—
ao
f
q:i=
ao

Its homogeneous version is with g(x) = 0:

y+pl@)y=0 (1.8)



Which can be solved by direct integration:

;li = —p(z)

dyy = —p(x)dx
dy

y —/p(x)da:

‘y’ _ e—fp(:r:)dx . eC’
y(z) = +Be~ [ P)dz
y(z) = Ae~ Jp@)dz (1.9)

Where A € R, note that if A # 0, then y(z) # 0 so that our assumption above is satisfied.
If A =0, then (1.9) is still a solution to (1.8), i.e., the trivial solution y(z) = 0. [ p(z)dz in
(1.9) is any arbitrary but fixed anti-derivative of p(x) and exists whenever p(x) is continuous,
function of x.

Example
% = —y, then p(z) = 1, hence [p(z)dz = [dx can be taken as z, z + 1, z — 1, etc.

This gives alternative expressions for (1.9) as y(z) = Ae™® or Ae=*~! or Ae~**!. But notice
that A can take any value in R so that all these expressions are equivalent general solutions
of (1.8).

1.2.2 Initial Value Problem

Suppose (1.8) is accompanied by the ”initial condition” y(a) = b for a value of a of x with
b € R. Then, )
y(z) = bela PO (1.10)

clearly satisfies y(a) = b, moreover b chain rule

§(x) = b(—p(x))els PO = —p(z)y(x)

so that ¢ + py = 0 is satisfied. Therefore, (1.10) is a solution to the initial value problem.

Example

(x+2)y—2y=0,y(0)=3



y- T+ 2 = 0
p(z) = T —T— 2
y(a) = 3l e
_ 3eFe2nlcH2ljz
1
= 12¢7 (x4 2)?

Where = # 2, the solution is valid in D; = (—o0,—2) or Dy = (—2,00). Since the initial
condition @ = 0 is in Dy, the domain of validity of the solution y(x) = 12¢%(x + 2)~2 is D.

Let us now consider the non-homogeneous differential equation (1.7). Multiplying both sides
by a yet unknown function o(z), called the integrating factor, we get:

. d )
oy+opy =0q = %(Jy) — oy +opy =oq

The choice ¢ = op simplifies the equality to:

2 (ow) = o4 (1.11)

The equation ¢ — po = 0 in unknown o(z) is a homogeneous 15 order equation, one solution

to which is:
o(x) = e/ P@)de

substituting in (1.11) and integrating, we have

/CZ;(Uy)dx = /q(:(:)efp(x)dxdx

o(x)y(z) = /q(x)efp(x)dzda: +C

y(w) = [rlok (/ g(x)el PO dg 4 C) (1.12)

This last equality gives the general solution y(x), in which the indefinite integral [ p(z)dz
appearing twice must be chosen consistently.

Example
y — 2zy = sinz, y(0) =3 = p(x) = 2z, ¢(x) = sinz

y(z) = ™ (/096 sin(e_c2dc + 3)

which satisfies y(0) = 3. As in this example, the solution of the initial value problem (1.7)
together with y(a) = b is

yla) = e I | [ ggredirn (113)

8



e In (1.12), each value of the constant C' corresponds to an initial condition y(a)=b, for
some a and b.

e In order to be able to compute the integrals in (1.12) and (1.13), it is sufficient that p(x)
and ¢(x) are continuous functions in an interval I C R. This is not necessary however.

Example

xy + 3y = 623 = standard form 7 + %y = 62?2
y(z)=e ade [/ 6a2ef 2974z + C]
_ 673ln|x| I:/ 6x263ln|az\dx + C:|
1 21,13
:W + [ 6z7|z|°dx + C

= |$1’3 [i/6x5dx+c]

Where B € R, note that although p(z) = 2 is not continuous at = = 0, there is still a solution

~
satisfying y(0) = 0, which is y(z) = 2. This is the limiting case for B — 0% and B — 0~ in
the figure below.
1.2.3 Variation of Parameter Method

The homogeneous equation (1.8) has the general solution
y(@) = Ae~ I pe)is

For some A € R, method searches a solution for (1.7) by varying the parameter A with x.
Consider

as a possible solution for (1.7). Then,
= Ae—fp(:v)dac N Ape—p(:c)dx
_ Aefp(ac)daz —py
§+py = Ae” IPIE — g

Then,
A _ qef p(z)dx

A= /q(x)ep(w)dmda: +C

which results in y(z) = e~/ P(®)dz (f g(x)el Py 4 C), this method also known as method
of Lagrange.



1.3 First Order General Differential Equations

is possible of F' = 0 can be solved fory. Suppose f is a complicated function of z and y so
that solution to ¢ = f(z,y) is not obvious. We can try to get some idea about its solution
by the concept of ”direction field”.

Direction field is the set of all ”lineal elements”, short straight lines of slopes f(xo,yo) at the
point (zg,yo0), as (zg, yo) ranges through all possible values in zy-plane.

Example

Ri(t) + LY = Ey; i(0) = 49

) 5 ; t
E, E,
i(t) = 2 + (o — e &'
Suppose we could not obtain this solution but worked with
di ‘ E, R.
a It =7 -7 (1.14)

Direction field then would look like the dashed lines in(¢,7) plane as shown. Along the line
i(t) = % all lineal elements would have slope zero as the right hand side of (1.14) is zero

; _ Fg
when ¢ = i

1.3.1 More Applications
Radioactive Decay

Radioactive material decays proportional to its mass. If NV is the number of nuclei, then

‘Z—]X = —kN, k > 0 is a proportionality constant. Multiplying by ”atomic mass”, we obtain

dm

T —km(t)

m(0) = my is the initial mass. Solution is m(t) = mge " so that k is actually the ”decay
rate”. In terms of T' = half life, which is defined by

1
img = moe*kT = kT =1In2
we can write - )
m(t) = mee” T ' =my2™ T (1.15)

10



Carbon Dating Method

This method is used to determine the age of organic materials and it is based on (1.15). The
element Carbon-14 is consumed by all animals and plants and has a half life if T = 5,570
years. A wood sample containing 0,2 grams of C-14 today is t years old, where t satisfies

m(t) =0.2 = moeftfff?;o

The amount mg of C-14 that wood sample contained when it died is found to be 2.6 grams.
Hence, 0.2 = 2.6¢1n2/5570 op

, _ In13 x 5570

2 = 20,611 years

Fluid Mixing Problems

A fluid containing a constant concentration ¢1 of a solute comes in with a rate of Q(¢) cm?/sec.
It goes out with the same rate Q(t) and concentration ¢(t), which is also the concentration in
the tank. The volume v of the fluid in the tank remains, thus, constant. If z(¢) is the mass
of the solute in the tank at time ¢, then

dzr

o = Qe — Qe(t)

where ve(t) = x(t), which results in

dr  Q(t)
R

z(t) = a1Q(t)
¢(0) = ¢; results in x(t) = cyv, note that z(t) = vey = ¢t is a solution for any Q(t).

1.3.2 First Order Separable Differential Equations
If y = f(z,y) = X(x)Y(y) for some X, Y then it is separable. We can write:

dy /
—— = [ X(x)d
gy ) O
Example

l. 2y —y = (sing)r = = = y_gmy Although z and y ”separates”, it is not separable.

2. U+ =0 = fz—g:—fdx = —%—FC:—SL‘ — y(:v):pr% If y(0) = yo is

given, then y(z) = 1J’_y50x valid for Dy = (—yio,oo) or for Dy = (—o0, _y%) If yo > 0,
then the domain of validity is Dy and if yg < 0, then Do

3.9 =57, y(0) =1 = [(1+2e¥)dy = [4zde — y+2¢¥ =227 + 1+ 2¢is an
implicit solution for y.

11



y—1 1
= /y 2)dy /mdac
= dy = Injz| +C
/[2y )] = fnfd
= ln7|y( _ IS
Xz
= yly—2) = Az’

= y=1++V1+A22, AR

Let us consider some initial conditions:

e y(0) =0 = A is arbitrary and -’ sign holds = y(z) =1

— V1T Aa?

e y(0) =2 = A is arbitrary and '+’ sign holds = y(z) =1+ V1 + Az?

Note that there are infinitely many functions satisfying ant of these two initial conditions.
The functions are either half ellipses or half hyperbolas that change according to A < 0 or
A>0. y(a) =1 = g is undefined for a € R. Note that any curve (y —1)?+ Az? = 1 would

go through y(a) = 1 provided A =

‘71” > 0. These are half ellipses with legs on the line

y = 1. Since g is infinity at a, such functions do not really satisfy the differential equation.
Hence, no solutions for initial values y(a) = 1. If z # 0 and y # 1, then there are unique

solutions for such initial values.

—2 =1

_'1)2 1/8

hyperbola (y

e y(1)

hyperbola (y — 1) —

1/15

o y(1) = 3
lower part of the ellipse (y —

-3 = —4_1\/1+ = A

=1

— —i=%2V/1+4 = A=-3/4,y=1-
1)?

For instance,

e y(l) =4 = 3—:|:\/1+A = A

=1

$2
16/9

12
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Example
4 — (a —bN)N, N(0) = N, b > 0, a € R, (Logistic Equation)

dt
dN 1 1 1
/N(a—bN) /dt /[aN aN—a/b]d t+c

= %(ln!N!—ln’N—%D:t—l—C

N
— ‘N_(g :eateaC
N — A%e“t
—  Aet — 1
Aa bNQ
N = ———— A:
— T ya—y T YT N —a
N

" bNo + (a — bNp)e—at’

1.3.3 Exact Differential Equations

0% f
= f.

0xdy

Fact: If fz, fy, fry, fyz are all continuous function in a region in xy-plane, then f., = fy.,
the order of differentiation does not matter. The differential df of a function f(x,y) of two
variables is defined by

0
Recall partial derivation notations: a—f = fz,
x

df := fodx + fydy
which is a 1%¢ order approximation to f(z + dz,y + dy) — f(z,y)

Example
d .
a sy = siny dx + (z cosy — 2y)dy = 0
dr 2y — xcosy

Notice that left hand side is dF for F(x,y) = z siny — y?,

dF = siny dx + (x cosy — 2y)dy = (%n(a: siny — y?)dz + (,;ZJ(:B siny — y?)dy

The equation says dF' = 0 and integration gives
F(z,y) Z/dFZC’orxsiny—yQZC; ceR

This constitutes an implicit solution to the differential equation.An initial condition y(a) = b
will fix C' = a sinb — b*>. We generalize this procedure in the previous example. Consider a

differential equation
dy  M(z,y)

de — N(z,y)
for some functions M, N that are continuous in a rectangle R, in zy-plane. Rewriting, we
have

M(x,y)dx + N(x,y)dy =0 (1.16)

13



In order for (1.16) to be in the form dF = 0 for some function F'(x,y), we need
F,=M,F,=N (1.17)
If (1.17) holds, then by continuity of M, N, therefore of F,, F,, we have,
Fuy =M, =Fy =N, = M, =N, (1.18)

Provided My, N, are also continuous in R so that Fj,, Fy, are continuous. Conversely, if
(1.18) holds, M, = N, in R, then for F satisfying (1.17), we will have dF' = 0.

Theorem: If M, N, M,, N, are continuous in a rectangle R in zy-plane, then Mdx + Ndy is
exact differential equation, there is F'(x,y) such that (1.17) holds in R, if and only if

My, = N, V(z,y) €R (1.19)

Example
Previous example siny dx + (x cosy — 2y)dy has M = siny and N = x cosy — 2y and (1.19)
is satisfied since

M, = N = cosy

To find a suitable F'(x,y), we can start by F, = M = siny to obtain F(z,y) = x siny + A(y),
by integrating keeping y a constant. The second condition in (1.17) is F,, = N, which is

N = x cosy — 2y = aay[x siny + A(y)] = x cosy + A(y)

which gives A(y) = —2y or A(y) = —y?+ B for any B € R. Hence, F(z,y) = x siny —y>+ B
for any B is a differential satisfying dF" = 0. Therefore

F(z,y)=xsiny—y*+B=C,CeR

or z siny —y? = K for K € R, is an implicit solution of the original differential equation % =
siny
2y—x cosy

Remark: Not all differential equations are exact since (1.19) can fail to hold: dy/dx =
sinz/[2y — x cosy] = M = sinx, N =y — cosx and M, = 0, N, = sinz. The condition
(1.19) holds only along the line z = 1 in xy-plane.

Integrator Factor for Exactness

It can be shown that give Mdx + Ndy = 0 is not exact, one can always find o(z,y) such that
oMdzx +oNdy =0 (1.20)

is exact. Of course, (1.20) would be exact if and only if

(oM)y =oyM + oMy = (0N); =0,N + 0N,

14



Suppose 0 = o(z), (o is independent of y), then o, = 0 and we have oM, = 0, N + 0N,
which gives

or My — Ny

o N
Thus, if (M, — N;)/N is a function of = alone, then

My—Nyg

M, — N,
ln]a]:/yNdac:>a:e N dx

is and integrating factor that makes (1.20) exact.
Suppose o = o(y), (o is independent of x), then 0, = 0 and we have o,M + oM, = oN,

which gives
gy _ _My - N,

o M
Thus, if (M, — N;)/M is a function of y alone, then

M, — N, My—Ng
In|lo| = — %dw — o=e W dx
is and integrating factor that makes (1.20) exact.
Example
dy 1 N

Since M =1, N = 3z — e, M, =0, N, = 3 # M,, the equation is not exact. Note that
(My — N,)/M = —3 is independent of x. Hence,

oly)=e/ Bty — o= [(=3)dy — By

is an integrating factor, i.e.,
eHdr + e 3z — e )dy =0 = ¥dax + (3ze® — e¥)dy = 0
is exact. We have, in the searching for F'(z,vy),
F, =¢%, F, = 3ze — Y
so that F(x,y) = ze3¥ + A(y) for some A(y) and
F, =3ze® + A'(y) = 3we® —e¥ = A'(y) = —e¥ = A(y)=—€¢+B, BER

This gives F(z,y) = xe®¥ —e¥+ B so that, dF = 0 used, results in F(x,y) = ze®¥—e?+B = C
or
e —e¥ = K for K €R

is general solution. This is again an ”implicit solution”.

Exercise: Obtain yet another method of solving 1%¢ order differential equation §+p(z) = q(x)
by finding a suitable integrating factor for (p(z)y — q(z))dz + dy =0
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1.3.4 Linear Independence of Functions and Solutions of Differential Equa-
tions

A set of functions {uj(z),...,ur(x)} is linearly dependent on an interval I C R if at least
one, say u1(x), can be written as

k
ui(z) = Z ajuj(z) for some o; € R
j=2

Otherwise, it is linearly independent and none can be expressed as a linear combination of
others. Note that the zero-function can not be a member of any linearly independent set.

Example: {e”, 2, e~ cosh(z)} is linearly dependent on R since cosh(z) = % Vx € R.
The sets {e*, e}, {€*,cosh(z)}, {e7%, 2%, cosh(z)} are linearly independent.

Fact: {ui,...,u;} is a linearly independent set on I if and only if
k
Zajuj(x) =0,Vz el = a;=0forj=1,...,k
j=1

Proof: If linearly independent but there are a;’s, not all zero such that ) j ajuj(z) = 0,
then wu with o # 0 can be written as a linear combination of others. Thus we have a con-
tradiction. If linearly dependent, then there exist uj such that u, — > otk XU = 0, which
means there is a set {a1,...,05-1,1, 0541, ..., 0}, not all zero, with Zj aju; =0

Example:{1,z,22,... 2" '} is a linearly independent set on R for any n > 1. In fact,
if for some «;’s, we have
a1+ asr 4+ a” =0

then by evaluatingat t =0, x =1, ..., x =n — 1, we get.
1 0 ... 0 1 [ai]
1 1 1 o9
1 2 ... on—1 az| =
1 n—1 ... (n=1)""1] [an]

The coefficient matrix is a Vandermonde matrix and it can be shown to be non-singular
(invertible) so that a; = 0 for j = 1,...,n. Alternatively, we can take successive derivation
of ;1 +agx +---+ aﬁ_l = 0 to obtain

1 =z z2 ... a1 T [aq]
01 2x ... (n — 1)z 2 a9

00 2 ... n—-Dn-2)2"3| |as —0
0o 0 0 ... (n—1)! 1 Lon]
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The coefficient matrix of which again non-singular. This gives the same result that «;’s are
all zero. The fact on this page, then gives that {1,z,...,2" '} is linearly independent.

The second method above can be generalized: Give {ui,...,ux}, suppose «; exist such
that ) 5 O () =0 in an interval I € R. Then, taking successive derivatives

uy(z) up(x) o
Uy (z) g () o
=0
W' @) @) Lo
If det W[u1, ooy ug) = Wluy, . .., ug], where W is the coefficient matrix, is non-zero at some
x € I, then all a;’s should be zero, implying that {u,...,u;} is linearly independent on I.
The converse is not true in general but it us true if {uy,...,ux} come from a solution to a
differential equation (linear).
Theorem: If uy, ..., uy are solutions to an n'" order homogeneous differential equation
dny dnfly dy
— _— —1(x)— z)y =20 1.21
g TPU@) o e paea(@) o+ pa(2)y (1.21)
where p;(x) are continuous on some I € R, then {u1,...,uy,} is linearly independent on I if

and only if Wluy,...,u,|(x) # 0 for some = € 1.
Example: v — 3/ = 0 admits solutions u; = 1, us = €*, ug = e~ *. We have
1 e e*
W, e® e (x) =det |0 e —e | =2
0 e e™®

for any = € R. Hence, by the theorem above, {1,e”,e™"} is linearly independent on R

Example: Consider

[ 2 J2<0 - 0 ,2<0
=Y 0 ,2>0 0™ T 22 L2>0
so that
0 ,2<0 _

W[’LLLUQ](ZE)—{ 0 ,-ZUZO }_03 Va
However {uj,us} is obviously linearly independent on R.
Remarks
(1) Wlui,...,up](z) is called the Wronskian of uy,...,u,. It is either zero on the whole of

I, provided uy, ..., uyare solutions of (1.21) on I
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(2) If {uq,...,ux} is a linearly independent set on I, then
aruy(z) + -+ + apug(z) = brug(z) + - - + bpug(x)
holds on I if and only if a; = b; for j =1,...,k

Theorem (Existence and Uniqueness of Solution to (1.21)):If pi(x), ..., py(x) are continuous
on a closed interval I C R, then the initial value problem, (1.21) together with

y(a) = by, g(a) = by, ..., y"D(a) = b,

for some a € R, b; € R has a unique solution y(x) valid on I

The differential operator

ar a1 d
L= o +p1(@) ooy + o+ o (@) - 4 (@)
allows us to shorten (1.21) to
Lly] =0
This operator is linear since for any aq,...,a, € R,

L[a1y1 + -+ anyn] = alL[yl] +oeeet anL[yn]
for every {y1,...,yn}

Corollary: If y,...,y, are solution of (1.21), then so is y = c1y1 + -+ + cxyx for any
c1,-..,c €ER

Proof: Liy| = L{ciy1 +---+cryr) = c1Liyi]+- -+ cnLlyg] =0, since L{y;] =0,Vj =1,... .k

Examples

(1) y" — 9y = 0 has solutions y; = €3* and y2 = €737 50 that c1€3® + c2e73% are solutions as
well for any c1, co.

(2) 23y” — yy' = 0 has solutions y; = 1, yo = 22. The linear combination y = 4 + 322 is not
a solution because differential equation is not linear.

(3) y" — 9y = 18 has solutions y; = 4e3® — 2, y5 = €3 — 2 but the linear combination
y = 5e3® — 4 is not. Superposition fails because differential equation is not homogeneous.

Theorem: Let p;(x) be continuous on an open interval I C R for j = 1,...,n. The homo-
geneous equation (1.21) has n linearly independent solutions yi(x),...,y,(z) on I and the
general solution is

y(z) = cay1(z) + -+ + cuyn(z) (1.22)

for arbitrary constants ¢; € R. If among y;(x), some are complex valued, then the corre-
sponding c;’s are complex numbers.

18



Proof: By the existence and uniqueness of the solution to an initial value problem, there
are n different solutions y; (), ..., ypx satisfying the following n sets of conditions

yi(a) =1, yi(a) =0, ..., y" V=0

yn(a) =1, y(a) =0, ..., y,(L"_l) =1

for some a € I where in each row one value is 1 and all others are zero. The set {y1(z),...,yn(x)}
is linearly independent since Wy (x),...,yn(x)] = 1 # 0. By superposition, any y(x) as in
(1.22), is a solution as well. We now show that there can be no other solution than (1.22).
Suppose yn+1(z) is a solution that can not be written as in (1.22). Such a y,41(z) must

be linearly independent of yi(x),...,y,(x). However, let us consider for { € I, the set of
equations in n + 1 unknowns cy, ..., cCy:

ayi(QO)+ -+ eryYn1(Q) =0

n equations : :

(n—1) o (n—1) 0 I —0
C1Yq (C)"‘ + Cn+1Ypy1 =Y C € (C) =

which has solution ¢y, ..., c,4+1 not all zero, since there are only n equations for n + 1 un-
knowns. Then,

v(z) = cyr(x) + - + cnp1Yni1 (o)
is a non-zero function satisfying L[v] = 0. Moreover,

0(() =0, /() =0, ... W D(¢) =0

so that v(z) must be the zero function on I, by uniqueness of the solution to an initial value
problem. This shows that {y1,...,¥yn+1} is a linearly independent set, which is a contradic-
tion.

e Any set of n linearly independent solutions of (1.21) is called a basis of solutions of
(1.21)

Example: {37 sinh(3z)}, {€3%,e737}, {e3%, cosh(3z)} are all bases for the solutions of
y” — 9y = 0 on R since each is linearly independent and each contains n = 2 functions
that satisfy 3y — 9y =0

e It is clear that initial value problem can be solved using the general solution. Consider
y" + 1y’ = 0 subject to y(0) = 3, /(0) =5, y”(0) = —4. The general solution is

y(x) = ¢y cos(x) + cosin(x) + ¢3; ¢1,c2,c3 € R
since {1, cos(z),sin(x)} is a basis. Using the initial conditions

y(0)=c1+c3=3
y'(0) = —c18in(0) + ca cos(0) = co =5
y"(0) = —cy cos(0) — eo8in(0) = —c; = —4

so that y(z) = 4 cos(z) + 5sin(z) — 1 solves the initial value problem.
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e Boundary Value Problems: If conditions are specified for mixed points in I € R,
then we have a "boundary value problem”. Such problems can have no solution, a
unique solutions, or many solutions.

Example: 3" + y = 0 has the general solution on I € R
y(z) = ¢1 cos(z) + casin(x); c1,c0 € R
(1) y(0) =2, y(r) =1 = 1 =2, ¢ = -1 = No solution.
(2) y(0) =2, y(r/2) =3 = ¢; =2, cg =3 = Unique Solution
(3) y(0) =2, y(r) = -1 = ¢1 =2, cg is free = Infinitely many solutions.

1.3.5 A Short Review of Complex Calculus

Fact 1: (Fundamental Theorem of Algebra) Any polynomial equation A" + aj A"~ ! + ... +
an—1A + a, = 0 for a; € R, has exactly n solutions Ay,...,\, € C (some of which may be
repeated)

Example: (A\y + 1)2 = A* 4+ 2)2 + 1 = 0 has 4 solutions
M =1, Ao=1, \g=—1, \g = —1
Definition: Euler’s Formula: Va,y € R
"t = e%(cos(y) + isin(y))

This definition make sense because

e:t—i—zy — exezy

-~

k=0
00 1 k/Q k o0 -1 (k—l)/2 k
S|y By B
k=0, k odd ) k=1, k even ’

= e”(cos(y) +isin(y))
) 1y —1y W,y
Fact 2: =% = cos(y) — isin(y), cos(y) = %, sin(y) = % Fact 3: It \ =
i

a+1ib; a,b € R, then Vz € R

d Az A

LA

7€ e

ei)\;t 4 e—i)xz €i>\$ o e—i)\;U

5 ,sin(Az) = ——— for \€e Cand z € R

Definition: cos(Azx) = 5
i

Fact 4: ; ;
@(COS()\$)) = —Asin(Az), %(sin()\x)) = Acos(\x)

20



1.4 Second Order Linear Homogeneous Differential Equations

'+ a1y +ay=0; aj,a0 €R (1.23)

Let us try (motivated by the solution e®® of 3 — ay = 0) the function y** as the candidate
solution for A € C. Substituting in (1.23), we have

M LA 4 aeM =0 = N fad+az =0

the solution of which are

A\ —ali\/a%—élag
12 =
’ 2

If a? —4ag # 0, then A1 # g and (possibly complex-valued functions) e’M?, e*2? are solutions
which are linearly independent as W[eM® e*2%] £ 0. Hence, if \; # A2, {eM%, 27} is a
basis of the solution of (1.23). Note that if Aj, A2 are complex (non-real), then \; = a + b,
A2 = a —ib so that {e® cos(bx), e sin(bx)} is another basis in the terms of real-valued func-
tions.

Examples

(1) (Real A1 # Xa2) v — 9y = OimpliesA? —9 =0 = Ao = +3

3x

y(z) = 1€ + coe™3%: ¢1,09 € R

(2) (Imaginary Ay # X2) ¥" +9y =0 = M +9=0 = A\ =+£3i. Hencea =0, b= 3 and
y(x) = ¢1 cos(3x) + casin(3x); 1,00 € R

Note that if we used {ei?’x, e_i?’x} as a basis, then the general solution is
y(x) = c1B% + e ™% ¢1, 0o € R!

(3) (Non-real roots A1 # Ao) ¢ +4y' + 9y =0 = N2 +4\+9=0 = A2 = —24iV5,
so that a = —2, b = /5 and

y(z) = e 2®(cy cos(V/5z)) + o sin(V5x)
for ¢1,co € R is the general solution.

(4) (Repeated Roots A\; = \2) Characteristic equation produces only one solution y; = e*?.
To find the second solution, we may try ya(x) = A(x)eM?® for some A(x). Substituting
into (1.23) gives

Y+ aryagy = A"eMT £ 20 A'eMT 4 g (A'eMT 4 A AeMT) + Aage™® =0

0
e ()\2 1+ ag)Ae)‘lx + (2 1 Aoe/\lz =+ Alle)‘lx

= A"=0 = A(x)=Bx+C, B,CeR

AT

Thus, y2(z) = zeM7 is a solution and is linearly independent of eM?, i.e., {M® zeM?}

is a basis of solution.
Example: ¢ + 4y +4y=0 = N +4\+4=0 = N2 =2

y(z) = c1e7% 4 coze ™ ¢1,c0 €R
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1.5 n-th Order Linear Constant Coefficient Differential Equa-
tions

Substituting e** as a candidate solution, we find that
lambda™ + a A" ' 4+ 4+ an_ A +a, =0

which has n solutions Ay, ..., A, € C some of which may be repeated and some non-real.

1.5.1 Case 1: n Distinct Roots

In this case there are n different solutions eM®, j=1,...,n

Fact: {eM®, ... eM} is linearly independent provided Aj # A for every j # k

Proof: WieM®, ... eM?]is
Ax AnT
e e e
AeMT o Apern® 7n(n — 1)
det : . . =(-1) 2 [Ty -
An*ieAlx ‘ )\nfl.e)\nx i<k
" o "

When one uses —a; = Ay + - - - + A\, and the Vandermonde determinant formula.

1.1
n(n—1)
Moo nn=1)
det | . . =0 2 J]ov =)
A?'—l At !

Examples

(1) yO® —7yB 12y =0 = MM =TA2+12) =0 = A\ =0, o =3, 3= —V3, Ay =
2, A = —2
y(x) =c; + 026\/3210 + 0367\/590 + 646296 + 646—21

for c1,co,c3,c4,c5 €R

—1+i4v3
2) Yy —y=0 = M =1, \a3= 21\[ A Dbasis of the solutions is

{e*, e*/% cos(v/3x/2), e */? sin(v/3z/2)} in terms of real valued functions, so that general
solution is

- 3 3
y(x) = c1e” + 67196(02 008(71’) +c3 sin(Tx))

for ¢1,c9,c3 € R
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1.5.2 Case 2: k Distinct Roots

General solution for k£ distinct roots A1, ..., A\r with multiplicities mq, ..., my is

k
y(z) = Z(Cue)‘jx +--+ cmjjxmj—le’\jx)
j=1

for ¢;;’s among which those multiplying complex valued functions are non real, complex.
Thus, for each A\; with multiplicity m; the corresponding basis functions are

{6)\]'95’ xe)\jx’ . xmjfle)\jx}
If A\; is non real then its conjugate is also among Aq,..., A\; so that two bases functions can
be combined to take, with \; = a; + ib;

7nj71 ag

mj—1e®" cos(b;z),x e sin(bjx)}

{e%% cos(bjz), e sin(bjx), ...,z
Examples
(1) y® —8y" +26y" — 40y +25y =0 = (A2 —4A+5)? = A\ =2+i, Ay =2—1i, my =
mo = 2
y(x) = €**[(A + Bzx) cos(z) + (C + Dz)sin(z)]; A,B,C,D € R
(2) y® —yB) =0 = A =0, m; =3, Ao =1,\3 = —1 so that

y(x) = (c1 4 cox + c32%) +cqe” 4 cse™®

A1=0

1.5.3 Homogeneous Cauchy-Euler Equation
Let ¢c;j € R for j = 1,...,n and consider

n, (n)

2"y ey ey + ey =0

In order to determine the general solution, we use a direct approach and consider the special
case n = 1, n = 2 first.

n=1:
d d
J:y’+cly:() — ﬁ :—clg
= Inly|=—clnjz|+ B
= Inly|=lnz[™* +InA4
B (1.25)
= |y| = Alz|™*, AeR
= Az= , x>0
v= —A(=x)™ ,z<0

— [y(@) = Als| ], AcR

23



n=2:
22y" + c1ay’ + coy = 0. Suppose = > 0 for simplicity. Let us postulate that there is a solution

like y = 2* for some A € C. Then
:L'Q()\ — 1))\x>‘_2 + ez a4 A =0
— AMA=1)+ear+e)z=0
= M+ (c1 — 1)A 4 c2 = 0 with the roots A1, Ag € C

Suppose first that A\; # Ao : Then y; = 2™, yp = 2™ are two distinct solutions, which are
linearly independent as

A1 A2

v x>\2—1 = (A2 = Ap)aM TRl £ 0

Al A2 —
Wix™M, x?|(x) = det ANl g

The general solutions is thus
y(x) = Az™M + Ba™; A BeC; >0
If A = )Ao, then any y(x) = A2z for A € R is a solution. Let us again use the variation of
parameter method and consider y(z) = A(x)z™M as a possible solution. Then
y =AM 4 ANy = AN 424N eM T 4 AN — 1)t 2
so that
xQ(A”x)‘l + 24 N2 4+ AM (M — 1)6)‘1_2) + Cl.%'(AliL‘)‘l + A/\le)‘l_l) + co Ax™M
0
=AMt 4 AMQIH + AW’\l =0
(zA" + ANt =0
zA" + A" =0
ap’' +p=0; p=A,
p(z) = Az™! (from (1.25))
A(z) =Blnz +C

L el

for B,C € R. Therefore, for any B, C; a solution is |y(z) = (Blnz + C)a™M

Remark: If A\{ = Ao = a+ i € C with o, 8 € R, then
A1 e)\l Inz _ ealnxeiﬂlnx _ xa(cos(ﬂlnx))
so that the complex valued basis {1, 22} can be transformed to a real valued basis

{z%cos(fInzx),x%sin(flnx)}

X

It follows that when roots of A2+ (¢; — 1)\ + c2 = 0 are complex conjugate, then the general
solution for x > 0 is

y(z) = x*(Acos(fInx) + Bsin(Blnz)); A, B€R

Example: 2%y —zy' +2y=0 = AA—1)—A+2=0 = Ao =141 so that a = 1,
8 = 1. Hence,
y(z) = z[Acos(lnz) + Bsin(lnz)] ; x >0, A,B€R
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Solution for x < 0
Substitute t = —x and let

y(x) = y(=t) = Y(t)
dy dYy dt  dY

de ~ dt do  dt
Py _d(dY\d &Y
dt ) dx  dt2

da?  dt
so that 22y” + cizy’ + coy = 0 transforms to
Y + citY' + oY

which has the basis {t*, %2} = {(—2)M, (—2)*2}; A\; # Ag and {tM, (In(t))tM}
= {(=2)™, (In(=2)M}; A = A2
It follows that for x € R, we can write the solution as

Alz|M + Blz|*2 S Ao , A1, A2 both real
y()=q (A+ Blnlz|)|zM AL = A
|z|*[Acos(BIn|x|) + Bsin(Bln|z])] , A\ =M =a+if
1.5.4 n'* Order Cauchy-Euler Equation
xny(n) + Clxn_ly(n_l) _|_ e _|_ Cn_lxy/ —|— Cny — 0

form the characteristic equation in A as

AMA=1...A=n+D)+aXA=1)...A—n+2)+ - +cp1A+¢c, =0

If Aq,..., A are its distinct roots with multiplicities my, . .., m respectively, then the general
solution is i
y(@) =) [Aij+ Agjlnz| + - + Ay (In [])™ ][V
j=1

for A;, which is non-real if and only if A; is non-real. Note that a non-real A; will have its
conjugate \jamong the distinct roots and the two terms in the summation can be combined
to obtain real-valued functions of z.

Example: $4y(4) + 10:U3y(3) + 339:23/(2) + 39zy’ + 25y = 0, characteristic equations is

A = 1A =2)(A = 3) + 10A(A — 1)(A = 2) +33A(\ — 1) 4+ 39X 425 = A 4+ 4X3 + 14X\ + 20\ + 25
= (A2 + 2\ +5)?
=[(A+1)2+4)?
=0 = A\ =-1+2j=X\,

m1:2, m2:2
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General solution:

y(x) = |z| (A4 Bln|z|) cos(2In |z|) + (C + D1In|z|)sin(21In|z|)] for A, B,C,D € R

Remark: Suppose x = e or ¢ = In|z|. Then y(z) = y(e¢) = Y(¢) so that
dy dY d¢ Y’l d (dy
dr ~ dC dx x’ d dx
d%y 1 1_,d¢ 1
R _7}/'/ 7y// _ Y// Y
— 422 2 T W x2< )

Hence, 22y” + cizy +coy = Y =Y + 1Y + Y = Y” + (1 — 1)Y’ + Y which has
{eMC M€} = {zM 222} as its basis.
1.6 Non-Homogeneous Differential Equation
Let L[-] be the operator defined on 18 and consider
Lly)f(x); f(z) is a given funciton (1.26)

If y,(x) denotes the general solution of the homogeneous L[y] = 0 and if y,(z) is particular
solution of (1.26), then L[y,] = f and

Llyp + yn] = Llyp] + Llyn] = Llyp] = f

so that y, + yp, is also a solution of (1.26). Conversely, given any y(z) satisfying (1.26), we
have Ly — y,| = L[y| — Lly,] = f — f = 0 so that y — y, in a homogeneous solution, i.e.,
Yy — Yp = yp, for some specialization of the general homogeneous solution. Therefore, vy, + yp,
is the general solution of (1.26). We can ”split up” our search for a particular solution y,(x).

Fact: If f = fi +--- + fi for some functions fj(x), then the general solution of (1.26)
can be expressed as

Y=1Yp ++ypk + Yn
where ;. () is a particular solution to Ly,,] = fj(z), for j =1,...,k

Proof: Llyp, +--- +yp] = Llyp | + -+ Llyp ) =i+ -+ fo = f
We will consider two alternative methods of finding y,,:
(i) The Method of Undetermined Coefficient

(ii) The Method of The Variation of Parameter

The first method applies to constant-coefficient linear differential equations, the second is
general.
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1.6.1 Undetermined Coefficients Method
This method can be used if
(a) L is a constant coefficient, and

(b) f = fi+- -+ fr and the derivative of any order of each f; is a linear combination of a
finite number of linearly independent functions.

Example:

1) fj =2xe™™ = {f;, f},f],--.} = {2ze7",...} so that f](l) for any [ > 0 is a linear

T

combination of {e~*, xe~"}; two linearly independent functions.

2) fj=a"+1 = {fj, ]’-,...,f](")} = {2" + L,nz" ' n(n — Da"2,...,n!} so that
{1,z,...,2""1} is a basis for the space of all derivatives.

3) fi=1 = {f T b= L =1, %, ...} sothat f; does not satisfy the condition b

Claim: A function f;(z) satisfies condition b if and only if it is itself a solution of a linear,
constant coeflicient, homogeneous differential equation.

Proof: Condition b is equivalent to: There is N > 0 and constants ai,...,ay such that
fj satisfies

aof;]\[) + alf;N_l) + . 4+ aN—lf]/' =+ aij = 07 ap ;é 0 (127)

because if f;n) =bingi(z)+---+bnngn(x), for functions gj(x) that are linearly independent
for any n, then for n =1,..., N we have

fy/‘ bio ... bno| |91
f; b bN1 | 92
fJ(N) bin ... bnn] |9N

where the (N + 1) x N matrix has linearly dependent rows. Hence, there are constants
ap,ai,...,ay not all zero such that (1.27) holds. Conversely, if (1.27) holds, then with
g1 = fj, g2 = f;,...,gN = f;Nﬁl), we have that any f](N) with n > N can be expressed
as a linear combination of g;’s. We show that how to apply the method of undetermined
coefficients by an example

Example: Find the general solution of

y@® —y@ = _sin(2z) + 322

Let fi = —sin(2x), fo = 322, both of which satisfy b with f; = —sin(2z) = {sin(2x), cos(2x)},
{fo =32 = {1,z,2%}.

Lly] = fi(x) = —sin(2z) : candidate solution is formed as

Yp, (x) = Asin(2z) + B cos(2x); B, A to be found
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Taking derivatives and plugging the results then equating the coefficients will give B =0, A =

— 55 so that y,, (z) = ~39 sin(2x).

L[y] = f2(z) = 322 : Candidate solution is
Yp (z) = Az® + Bz + C; A, B,C to be found.

Taking derivatives and plugging the results would give us no solution for A, the reason why
this happens is that some of the linearly independent functions {1, z, 22} also occurs in yy,(z)

L[ys] = 0 (Homogeneous Solution): Characteristic equation A> — A2 = 0 give A\; = 0, Ay =
1,A3 = —1,m1; = 2 so that

yn(z) = c11 + a1 + c12e” + c13e”

Note that 1,7 € {1,z,2?}. We now modify the candidate solution to L[y] = f> as
Yp, (x) = D2t + Bz 4+ Fa?

which is obtained by multiplying the previous candidate by the smallest power of (22 in

this case) such that there is no more any intersection. Now, taking derivatives and plugging
1 1

the results would give us D = 1 E=0, F=-3 = yp(z)= —Zx‘l — 322. Combining,

we get, for arbitrary ci1, co1, c12,c13 € R,
Y(@) = Yp, (%) + Yps () + yn(x)

1
== sin(2zx) — Zx4 — 322 4+ 11 + e + c126% + ¢3¢

as the general solution.

Example: y" — 3y’ —2y = 2sinh(x). Let us first determine the general homogeneous solution.
Characteristic equation A\? — 3\ +2 = 0 gives A\ = 1, Ay = 2 so that

yn(x) = c1€% + cpe™®
Since 2sinh(z) = e — e~ *, we have the intersection ”e*” with the right hand side of the
differential equation and y,(x). We thus form the modified candidate solution

yp(x) = Aze® + Be™™

by multiplying e* with z. Note that only the part due fi(z) = e in 2sinh(x) need to be

1
modified. Taking derivatives and plugging the results would give us A = —1, B = _16 SO
that the general solution is

1
y(x) = yp(z) + yn(x) = —ze® — 66733 + c1€® + ce®®; ¢, €R
Remark: By the claim on page 27, the method of undetermined coefficients requires that

the forcing function, i.e., the right hand side of the differential equation must be a linear
combination of {1, cos, sin, cosh, sinh} and their multiples by a power of z!!
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1.6.2 Variation of Parameter Method
Given the general homogeneous solution to L[y] = 0 as
yn(x) = cayi () + - + cayn(a)

for linearly independent y1,...,¥y, and constant cy,...,c, we form the candidate particular
solution

Yp(@) = cr(@)y1(z) + -+ + cn(@)yn(x)
for L[y] = f(x), by varying the parameters cy, ..., ¢,
Second Order Case

Lyl = y" + pi(z)y’ + p2(x) = f(x). Candidate solution is y,(x) = c1(z)yi(z) + c2(z)y2(z),
where L[y1] = 0, L[yz] = 0 and {y1,y2} is linearly independent. We have y +p1y/; +p2y; = 0
for j =1,2 and

y]’) = Cllyl + Clyi + C/2y2 + C2yé
Yy = Ay1 + 26090 + eryl] + Sy + 2y + cony

so that v + p1y’ + pay = [ gives, for y =y,

(c] + cip1 + c1p2)yr + (2¢) + prey)yh + e + (¢3 + copr + cap2)y2 + (265 + pica)ys + yaco = f
0 0
= (Y] + 2o pay1)ct + (Y5 + oy paye)ea + p1(ciyr + chyo) + 2(chy + chyb) + 1 + chya = f

We now notice that yj + p1y; + pay; = 0 for j = 1,2 which gives the second line above. We
now postulate that c1, co further satisfies

cyr + chya =0 (1.28)
which implies ¢{y1 + ¢ y] + 5y2 + chys = 0 and results in
Yy + chye = f (1.29)

Combining (1.28) and (1.29), ¢}, ¢, must be solution to
2 2
vl o] LS

But det [y,l zﬂ = W{y1,y2] # 0 so that the Cramer’s Rule gives the solution

Y
0 f v yé}
det det
[yﬂ ?/2] Wi [0 / Wa
det [y} y?] det [y,l yﬂ
Y Y y1 Ys

29



and

wio) =nle) [ G m [ ac

Example: y" — 4y = 8¢%*, yp,(z) = ¢; €** +cpe 2, f = 8™

Y1 Y2
Wi —fya —8erem 2 ~
w - ylyg - —9e2Tp—2x _ 9p—2x o2z B
Wy J B 8e2® e

W gy —yiya  —2e2e 2 —2e72
x x
yp(x) = e%/ 2d(—|—6_2a’/ (—2e*)d¢
1 |
= e?op + 67230(—5642) = 2ze*® — .

1 R R .
y(x) = 2z — 56*295 + Ae?® + Be ™ = 2z€?® + Ae** + Be™**; A,B€R

Higher Order Case

In n'* order case we have ¢ (x),...,cn(x) to be chosen suitably in the candidate particular
solution

yp(x) = c1(2)y1(x) + - - + cn(2)yn()

Consider the n — 1 conditions

y1ch + -+ yncy, =0 Y1 Y2 oo Un c 0
yici+ -+, =0 " Yo o Yn | |4 0
g+, =0) [y Gy e f

with the resulting condition
ygn_l)cll _|_ . _|_ y,,(lnfl) = O

upon substitution into the differential equation Lly,| = f.
3, 2,1 / 2

Example: z°y" 4+ 27y" — 22y’ +2y = —; 0 <z < o0

EE—— x

yn(z) : characteristic equation is AA —1)(A = 2) + XA —1) —=2A+2 =X —2\2 =\ + 2 =
A=2) N2 —1) = M =2 =1 =1

1
yn(z) = cl; + cox + 322

In order to use the variation of parameter method, we first out the differential equation into

standard form:
y///+ ly/_ zy/-i- zy: z
x 22 3 xt

30



so that p; = 271, pp = —2072 p3 = 2273, f = 22~ We have

A
W(z)=det | —22 1 2z| =22"322% -2 +2( ' +27 ) =621
2273 0 2]
0 2 2?]
Wi(z)=det | 0 1 2z| =22"%22%—2?) =222
2274 0 2]
[ 21 0 a2
Wo(x) = det | —2? 0 22| =-22"42z2z"t — 2?27 %) = —62*
2273 2271 2
(271 2 0
Wi(z)=det | =22 1 0 | =227 42272 =427
2273 0 2z7*

Therefore,

() :xl/ eldcm/ (—§3)dC+x2/ ggfwg

1 4 2 4 |In® 5
9 3x 18z

5
Note that the <—18:rl> term can be dropped since yp,(r) contains cjz~! term. Hence

A x) . . .
Up(z) = g also a particular solution.

1.6.3 Harmonic Oscillator

Equation of motion
ma” + cx’' + kx = f(t) = Fycos(Qt) (1.30)

Homogeneous solution: mz”4c2’+kx = 0 has the characteristic polynomial mA%2+cA+k =

0 with roots
N = i+ [c2 — dmk N C [c2 — Amk
1™ "om am2 2T T om 4m?

1) Underdamped Case: ¢? — 5mk < 0 (non-real roots)

L 2
< B=S\ =1/ — — ¢

=R =- m Im?

2m’
zp(t) = e*[Acos(Bt) + Bsin(Bt)]; A,B€R

2) Critically Damped Case: ¢? — 4mk = 0 (Repeated Roots)

c
zp(t) = (A + Bt)e™; a = ~ 5
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3) Overdamped Case: ¢ — 4mk > 0 (Real distinct roots)

at t —t c? k

xp(t) = e (Ae” + Be "), v = s R
m2  m

Notes:

1) Non-real roots give oscillatory response even when f(t) =0

2) All three cases give lim x(t) =0
t—00

3) Small perturbations in k,m or ¢ may cause a critically damped case turn into one of the
other two cases.

Non-homogeneous Solutions: Let us use the method of undetermined coefficients and try

xp(t) = Ccos(Qt) + D sin(Q2t)
Substitution into (1.30) results in

— mCQ? cos(Qt) — mDQ? sin(Qt) — cCQsin(Qt) + D cos(Qt) + k cos(Qt) + kD sin(Qt) = Fy cos(Qt)

—mCQ? 4+ c¢DQ+ kC = Fy O = (k‘ - mQ2)F0 D— ) Fy
—mDQ? —cCQ+kD =0 |~ 0 T8
where 0 = (k — mQ?)? + ¢2Q? and hence,

_ %[(k — mO?) cos() + Qsin()]

zp(t)

This solution is valid if and only if {cos(2t),sin(Qt)} and {e* cos(Bt),e* sin(Bt)} are non

intersecting, which is the case if and only if ¢ # 0 or Q = (I — mQ?)? + c2Q? # 0. In this

critically damped and overdamped cases, there is no problem of intersection with homoge-

neous case basis functions. If, ¢ = 0 and Q = y/k/m, then the modified candidate solution
F F

xp(t) = Ctcos(Q2t)+ Dt sin(2t) results in C' = 0and D = (QmOQ) so that z,(t) = % sin(t)

is a function of ever growing oscillations. This situation has happened because the system is

[k
excited at its natural frequency 4/ — as Q2 = 4/ %, and is called the phenomenon of response.
m

1.7 System of Linear Equations
Example

i1 =1, 12 = Uz, i3 = U3
Ulziz—i1+E(t):U2—U1+E(t)
Vo + 19 — i3 =11 — 92
v3 + i3 =g — i3
:>1'}1—1.}2:E(t)—2}1, 27')2—’[)1—2'}3:—’02, 203 — V9 = —v3
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-1 —1 0 V1 V1 E(t)
= |[-1 2 1| |v2| =—|v2| +| O
L — -1 2 V3 VU3 0
-U1 3 2 1 V1 3
— || == (2 2 1| |w|+ |2| EQ®)
_1')3 1 1 1 V3 1

In general

1 = a11(t)xr1 + arexe + - -+ + a1 (t)zy, + f1(t)

: (1.31)
Ty = anl(t)$1 + apgxg + -+ ann(t)xn + fn(t)
where a;;(t) and f;(t) are given, z;’s to be found.
Theorem: If fi(t),..., fu(t), a;k(t)’s are continuous in a closed interval / C R containing a
point a € I and if
z1(a) =by,...,zp(a) = by (1.32)

are given, then the system of equations (1.31) has a unique solution satisfying (1.32), valid
on I.

Note: By solution of (1.31), we mean a set of continuous and differentiable functions {z; (¢, ..., z,(t))}

Remarks

(1) Some higher order differential equations can be transformed into (1.31) by a suitable
choice of z;’s
2" + 2ta” — 2’ + sin(t)z = cos(t)

Let
/ 1
xlzx’$2:x7$3:x

so that &} = x9, &9 = x3, &3 = —sin(t)x1 + x2 — 2txs + cos(t). Which is a set of 3
equations in 3 unknowns {x1,x2, 3}

(2) Any constant coefficient n!” order differential equation can be put into the for (1.31) with
constant a;’s. Given

y "+ ary™ Y 4 a1y any = f(2)

Let,
xr1 = y(t)v xro = y,(t)a ) ny(n_l) (t)
Then,
il 0 1 0 07 [ 0
d |2 0 0 1 0 | |22
— | T3 | = ) +
dt Tn—1 0
—Ap —ap—1 ap-—2 —a1 T f
_xn_




d
Solution of (1.31) by Elimination: In the RC-circuit example on page 32, let D = —

dt’
Then, the systems of differential equations becomes
D+3 2 1 ] [wn 3
2 D+2 1 v | = |2] E(t)
1 1 D+1] |vs 1

Treating D as if it is a constant, we can solve for v1,vo,v3 using e.g., Cramer’s Rule. For
instance

3E 2 1
det [2E D+2 1
B E 1 D+1]  (3D*+4D+1)E(t)
v D+3 2 1 ] D3+6D2+5D+1
det| 2 D+2 1
1 1 D+1

or, multiplying by the denominator,
(D? +6D? +5D + 1)y (t) = f(t) := (3D* + 4D + 1)E(t)

Note that this is a homogeneous, 3" order, linear, constant coefficient differential equation
and can be solved by the techniques we have studied. This methid can be used even when
(1.31) contains higher derivatives of x;(t)(j = 1,...,n)

Example:

mix] = —kizy — kia(x1 — x2) + Fy

mowy = —kowo + k1o(21 — x2) + Fy

D?+2 -1 1[x] _[F
-1 D? + 2| |2 - Fy
assuming ki = k1o = ko = m1 = my = 1. Solution:
(D? +4D* +3)x; = (D* +2)Fy + Fo = F/ +2F, + F)
(D? +4D? 4 3)xy = (D) Fy + Fy = FY + 2F> + I

Both z; and x2 obey the same homogeneous differential equation with roots of the charac-
teristic equation

M =i, A= —i, \3=iV3, \y = —iV/3
which gives
214 (t) = Aj cos(t) + Agsin(t) 4+ Az cos(V/3t) + Ay sin(v/3t)
Zon(t) = By cos(t) + Bysin(t) + Bz cos(V/3t) + Bysin(v/3t)

for constants A;, Bj;. These 8 constants are not free. Because 15, and x;, are related by the
original homogeneous equations

" "
T] = =221 + 22, Ty = 229+ 21
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Substituting x1; and x9j into one of these, it is easy to get
Ay =By, Ay = Bs, A3 = —DBs3, Ay = —By

The coefficients A1, Ao, A3, A4 are then arbitrary. In fact, by theorem of existence and unique-
ness on page 33, there should indeed be only 4 free parameter. Simply let x5 = 2, x4 = a4
and apply the theorem.
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Chapter 2

Difference Equations

A linear difference equation of order N is

ao(n)Yn+N + a1(n)ynin-1+ - +an(n)yn = f(n), n >0 (2.1)

where a;(n), f(n) are specified and y,, = y(n) is to be determined as a discrete function of
n. When f(n) = 0, (2.1) is called homogeneous and when a;(n) are constant, it is called
constant coefficient.

Example: y,,1 — ay, = 3; a,8 € R, is a 1% order (N = 1), non-homogeneous, and
constant coefficient difference equation. We note that

Yn+1 = QYnp + ,B
= (a1 +B) + Bla+1)

=a"y + B +a" P+t at 1)
:a”+1yo+5(a”+an_1+---+a—|—1)
By the identity
1_an—1
ltat - ta=—% a1
11—«

we have y,1+1 = o"Tlyg + B(1 — a"™1) /(1 — a), or,

1—a"
a™yo + ,a £ 1
Uy = Yo+ B — #
Yo + pn ya=1
1—a"
Observe that yn|s_q = a”yo is the homogeneous solutions and yn’yg:O = 1 is a

particular solution when a # 1, or yy[, _o 8n when a = 1. Consider (2.1) with a;(n) = a; €
R, constant coefficient. Let us consider the general homogeneous case, f,(0) = 0, of (2.1).
Trying a candidate y, = p™; p € R, it is easy to see that, p is a root of the characteristic
equation.

N-1

pN +arpN T o fan_iptan =0 (2.2)
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Conversely, any root p € C of thus equation gives a homogeneous solution y, = p". It is also
not difficult to see that if rho is a multiple root, then new linearly independent solutions can
be generated by multiplication with a power of n : m,n% n3,.... It is then easy to arrive at:
If p1,...,pr are the k distinct roots of (2.2) with multiplicity mq,...,my, then the general

solution of (2.1) with f(n) =0 and aj(n) = a; € R is given by

k
Yn = Z[CU +ncgj 4+ nmj_lcmjjp)jn]
j=1
where ¢; € C and ¢;’s occur in conjugate pairs if and only if p; is non-real. If yo,...,yn—1

are specified, then cy;’s are uniquely found.

Example: y,44 — 2ypy2 + yn = 1, Let us write y, = h, + pp, where h,, is the general
homogeneous solution and p,, is a particular solution. The characteristic equation

pt =20 +p= (" —p+ 1" +20+1) = (p-1)*(p+1)*=0
has roots p; = 1, po = —1 with multiplicities m; = 2, my = 2 so that
hyn = (€11 + nca1) + (c21 + neg2)(—1)"; n >0 (2.3)

for arbitrary c¢;; € R. A particular solution p,, can be determined by the method of undeter-
mined coefficients. A modified candidate solution is in the form p,, = An? (modified from
pn = A since {1,n} are among functions of h,). Then,

1 1
Pria — 2hnio 4+ hp = A(n4+4)? —24(n +2)2 + An* =84 =1 — A=2 = pn:§n2

1
It follows that v, = h, + gnQ with h,, given by (2.3) is the general solution.

Example: y,+1 — 3y, = sin(2n). We have h,, = A3"; A € R, as the general homogeneous
solution. The candidate for p,, is

Pn = Bcos(2n) 4+ C'sin(2n)
Then, substituting into p,4+1 — 3p, = sin(2n), we get

Bcos(2n +2) + C'sin(2n + 2) — 3B cos(2n) — 3C'sin(2n) = sin(2n)
= Bjcos(2n) cos(2) — sin(2n) sin(2)] + C[sin(2n) cos(2) + cos(2n) sin(2)] — 3B cos(2n)
— 3C'sin(2n) = sin(2n)
—sin(2) cos(2) —3| [B] |1 _ cos(2) -3 _ —sin(2)
cos(2) —3  sin(2) ] M - [0} = = 0= 6e0s)’ © T 10 6e0s2)

It follows that

1

= m[(ms@) — 3)sin(2n) — sin(2) cos(2n)]

Pn
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Example: (Fibonacci Equation) A tree gives a branch every other year. The figure shows

that the number of branches in each year follows the sequence

1,1,2,3,5,8,13,...

The number of branches in year n + 2 is the sum of those in the previous two years n+ 1, n:

Yn+2 = Yn+1 + Yn, Y1 = 1, Y2 = 1

If we let f,, = Yn+1, then

fore=for1+fmin=fo=1 p=rH=1

which has the characteristic equation p? — p — 1 = 0 with roots p; 2 =

general solution is with ¢j,cs € R,

fn=0c1 (14—2\/5) + c2 (1_2\/5> ,nm>0

1
The initial values fy = f1 =1 gives ¢c1 +c2 =1, ¢ — co = —, so that

V5

1 1+\/5 n+1 1_\/5 n+1
) e

1 [(1+v5\ [1-v5)
w3

yn-i-l_l"i‘\/5
2

is called the Golden Ratio
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Chapter 3

Numerical Solutions

Let us consider the initial value problem on I = [a, A] € R

y = f(z,y), y(a) =b

where f is a general (perhaps non-linear) function of z and y.

3.1 Euler’s Method

Partition the interval [a, A] into

a=z0, x1=a+h, ...,z =a+ kh
and apply the algorithm

Ynt1 = Yn = [(Tn,yn)h; n=10,1,2,...

which obtains y1,ys,... based in the information of ”direction field”.

Example: ¢/ = y + 2z — 22, y(0) = 1, 0 < 2 < coThe exact solution is y(z) = e® + 22, ob-
tained from the 1% order differential equation solution with a =0, b =1, p(z) = —1, ¢(z) =
22 — 2. Let us choose the step size h = 0.5 so that

y1=yo+ (yo+2x0—22)h=1+(1-0-0)0.5=1.5

Yo =11+ (y1 + 221 —2)h =15+ (1.54+1 — 0.25)0.5 = 2.625

Y3 = y3 + (y2 + 220 — 22)h = 2.625 + (2.625 + 2 — 1)0.5 = 4.4375
Since y(x1) = 1.8987, y(z2) = 3.7183, y(x3) = 6.7317 is obtained from the exact solution,
the error becomes increasingly and quickly large between y; and y(xy). Of course, this is

because h is quite large and we expect that the error ex = y(zx) — yr will decrease and go to
zero as h — 0. This is an issue of convergence.
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3.1.1 Convergence of Euler’s Algorithm
The error at step n is

en = Y(@n) = Yn = y(@n) = Yn—1 — f(@n-1,Yn-1)h
By Taylor’s formula, we have

Mfﬂ

Y(xn) = Y@n-1) + ¥ (n_1)h + 5

for some ¢ € [x,—1,zy]. Hence,

V(O3

en =Y(@n-1) = Yn-1 + [V (@n-1) — f(@n-1,Yyn—1)h + -

If we assume that no error was made at step n— 1, then y,,—1 = y(x,—1) so that, we also have,

f(@n—1,9(xn-1)) = f(®n-1,Yn-1) with ¥'(zn—1) = f(xp_1,y(xn_1)) from the differential
equation. Therefore
y" (<)

en = Th2 (single step error)

varies with h2. This is denoted by the term order of h? and by the notation

This error accumulates

=2 = Q(h)

i.e., the cumulative error E,, grows with Q(h). The Euler algorithm is thus said to be a 15¢
order algorithm as it converges with a speed measured with h.

Note: F, is only approximately equal to
ert-ten

since the slopes of lines LyandLs shown in the figure are different:

slope of Ly :  f(x1,y1) } P
slope of Ly :  f(z1,y(x1))

Because uj # y(x1), we have 8 # e; but 8 = e;
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3.2 Midpoint Rule

In Fuler;s method, we used the approximations

Y(@ns1 — y(zn))
h

y/(xl) = f(xnayn)a y/(xn) =

This is, geometrically, approximation the slope of 3/ (x,,) by the slope of the line BC'. Instead,
we can approximate it with the slope of the line AC

Y(Tn+1) — y(@n-1)
2h

Il

Y (2n)

~Y

and use y'(zy,) = f(2n,yn) to obtain a different algorithm.

Yn+1 = Yn—1 + f(Zn,yn)2h; n=1,2,... (3.1)
This is called the midpoint rule and uses a different approximation than Euler’s. Of course,
to start the algorithm (3.1), we need initial values g, y1. The usual practice is to get y; from
yo by Euler’s method, i.e., by y1 = yo + f(z0,%0)h
3.2.1 Convergence of Midpoint Rule
Let is write, by Taylor’s formula

Y (zn), o Y (),
h h
2 7%

Y(@nr1) = y(@n) +y (zn)h +
for some h > 0. Since h = z,, — Tp,_1

y”(:rn) o y///(o 13
2 6

Y(xn-1) = y(zn) — y'(xn)h +
Here, 7, are some points in the interval (z,_1,x,+1). Subtracting the two, we have

y"(n) +y"(C) ;5

Y(@ns1) = y(zn-1) = ¥ (@a)2h + 6

so that the two step error can be computed by, using yn+1 — Yn—1 = f(Zn, yn)2h and noting

that " "

") +y"(Q) s
6
This gives e,11 — en—1 = Q(h?) provided v/ (z,) = f(n,y(xn)) = f(Tn,yn). It follows that
eny1 grows with Q(h3). The cumulative error grows with Q(h?) so that the midpoint rule
(3.1) is 2" order algorithm. The convergence of the midpoint rule is faster than of Euler’s
method. These algorithms are easily adapted to systems of differential equations. Consider

€nt+l1 — €En—1 = [y/(xn) - f(fUmyn)ph +

f(z,u,v), ula) = ug

Ul
v = g(z,u,v), v(a) = v
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Euler’s method give

Upt] = Up + f($b7 Yn, Un)h
Un+l = Up + f(xbv Yn, Un)h

Example: v/ = 2 + v, v' = uv?; u(0) =0, v(0) = 1. Let us choose h = 0.1, then
n=0: u; = up + (zo +v9)h =04 (0+1)0.1 = 0.1
v1 = v +ugvah = 1 +0(1)%0.1 =1
n=1: uy = uy + (x1 +v1)h = 0.1+ (0.1 + 1)0.1 = 0.21
vy = v +urvih =1 +0.1(1)%0.1 = 1.01

3.3 Stability of Numerical Algorithms

An algorithm gives incorrect results for two reasons:
i) Sensitivity to initial conditions.

ii) Instability of the algorithm

3.3.1 Sensitivity

The differential equation 3’ — 2y = —6e~4* has the general solution
—4x
__—4x 2r € 7y(0):1(02 )
vy=e +&3_{@%+a“,mm¢1m¢m

Suppose we apply the midpoint rule with initial value y(0) = 1. Even at the first step, y; will
be at a direction field, which generates a solution for another initial condition corresponding
to C # 0. The algorithm will give values such that y, — oo as n — oo.

3.3.2 Instability

Round-off errors in the machine accumulate and give incorrect results after a certain step.

Such algorithms are called unstable.

Example: ¢/ = —2y, y(0) = 1. Apply Midpoint Rule: y,+1 = yn—1 + (—2yn)2h, h = 0.05.
After x = 2, the rule starts to give oscillations about y = 0 with ever-growing oscillations.
Suppose ey has a round-off error of ¢, i.e., eg = €, and calculate how much the perturbed
solution deviates from the exact solution at x = x,, = nh. The differential equation to which
Midpoint Rule is applied is more general than that of the example

v = Ay, y(0) =1, AeR

Yntl = Yn—1 + 24y,h, yo =1, n=0,1,2,... (3.2)

Since eg = €, we have y5 = y(0) — € = 1 — € and the rule generates

y;kz—i-l = y;kl—l + 2Ahy:u yg =1- € N = 17 2737 cee (33)
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The error also obeys, by (3.2) and (3.3), a similar equation and its roots are
PP —24hp —1=0, pro=A++/1+ A212
and the general solution is
en = c1( Ah—l—\/ljtTh2 + co(Ah — \/1—|—Th2

Assuming h is small, we have 1 + A%2h? ~ 1 so that

en 2 c1 (AR + 1) + eo(—1)"(1 — AR)"

1

clenln(1+Ah) + 62(_1)nenln(17‘4h) (ln(l + ;1;) =~ 2 % —+ ... )

I

cre™ 4oy (=1)"e A (21 = h, @, = nh)

leAa:n + ¢y (_1)ne—Accn

I

We now assume e; = 0 and also use ey = € to get

c1+co =¢, c1e4%1 — coe AT =

€

~ A(zn—z1) _1\n,—A(zn—1z1)
:>e"_—eAx1+@—Aoc1[e U4 (=1)" 1]
A > 0: The exact solution is the growing exponentials y(z,) = e4®". For small |¢|, we have
eeA(xn—atl) ce—Am

eAtn << AT

€n n—ooo ATl _+_67Am1 = eAx1 _{_efol

so that, for large n, error due to round-off is much smaller than the exact value and the
deviation is not noticeable.The rule is stable for A > 0.

A < 0: The exact solution is the diminishing exponential y(x,) = e4®» and for small ¢

6(_1)ne—A(xn—x1) EeAx’l

n N—s00 eAr1 | g—Ax1 = eAr1 | oAz (_

)ne—Amn

so that the round-off error, for large n, becomes more noticeable and grows with oscillatory
behaviour. The Midpoint Rule is unstable for A < 0

Note: Technique for examining stability extends to differential equations of the type 3/ =
f(x,y) by linearisation about y = 0:

of
oy

_ o

/
y = f(z,0) + =
y=0 Ox y=0

provided y = 0 is an equilibrium point of ¢’ = f(z,y)
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Chapter 4

Functions of Several Variables

The set of n-tuples is
R" ={z = (z1,...,2p), z; € R}

and a function of n-variables is

R Rz f(z): f(x1,...,20)

The distance of z to a point 2’ is d(z,2') = /(2] —21)?2 + - + (2}, — zn)?, where z =
(x1,...,2y) and 2’ = (2], ..., 2}). Note that

n=1:d(z2) = 2] — x|

n=2:dzz2)= \/(33’1 —1)2 + (2 — x9)?

The neighbour of 2/ is
N@@',r)={z e R": d(z,2') <r}

n =1: an interval
n = 2 : disk of radius

n = 3 : sphere of radius

A set S C R" is connected if each pair of points in S can be joined by a finite number of
line segments connected end-to-end. Note that a straight line in n-dimensional space has the
parametric equation

x1=a1+bit,...,xy =an+byt; aj,b; € R, t € Ror [a, f]
A point in z € R” is an interior point of S if
z € S&N(z,r) CS for somer >0

It is a boundary point of S if N(z, ), for any r > 0, contains points from S as well as outside
S. A connected set is a domain or an open set if it contains none of its boundary points. It
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is a closed set of it contains all of its boundary points. It is easy to see that a connected set
S is an open set of and only if every point of S is an interior point.

Example
N(z/,r) is an open set for every r > 0. N(a’,r) together with its boundary (circle in n = 2,
sphere-shell in n = 3, etc.) is called a closed set.

Example
Note that R is both open and closed, since it has no boundary points. The set in the first
example on this page is neither open nor closed.

4.1 Limit of a Function

The limit of f(x) as z approaches 2’ is L, lim f(x) = L, if given any € > 0, there is 6 > 0

z—a!
such that
d(z,z') <0 = |f(z— L) <¢

for every € N(2/,9) in the domain of definition of f. Thus, no matter how small € > 0
is give, there is a f-neighbourhood of 2’ such that f(z) is e-close to L for every z in that
neighbourhood. f(z) is continuous at 2’ if

lim f(z) = f(z')

z—z’
Example

1
e H(z) = { (1)’ i z 8 and H(0) = 3 is continuous everywhere except at z = 0, where

the limit lim H(z) does not exist.
z—0

1
e f(x) = ————— is continuous everywhere except at £ = 0 because neither lim f(z
f(,) x% T x% T 33% Yy 1Y =Y g—)Qf(f)
nor f(0) exists.
o f(x1,29) = x% + e*2 sin(xla?%) is continuous in the whole xizs-plane since it is the
product, sum, composite of continuous functions.

4.2 Partial Derivatives (n=2)

Suppose the domain of definition of f(z,y) includes a neighbourhood of (zg,yp). Then,

aof . flxo+ Az, y0) — f(x0,y0)
fa(zo,90) = 5= = lim
8 (x07y0) Ax~>0 A:L‘
of f(xo,y0 + Ay) — f(x0,%0)
Jy(x0, ¥ == = lim
y( 0-0) dy (z0,y0) Ay—0 Ay
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are the partial derivatives of f with respect to x and y at (zo,y0). If f, and f, exist in a
neighbourhood of (zg, o), then they are functions of (x,y) and one can define second order

derivatives
f_ﬁﬁ_aiff_ﬁif_ﬁ
o \ox ) 022 Y oy \ oy ) Oy?

b= 2 (L) 2Ly, 0 () 2
Yoy \ox ) oyox’ TVt 0z \oy/) 0xdy

Fact: If f,, fy, foy, fyz, are all continuous in a neighbourhood of (xg, yo), then fyy = fy. at

(20, %0)
Remark: Unlike functions of one variable, f,, f, may exist at (zo,y0) without f being con-

tinuous at (xo,yo)-

Example

_J L,z=00ry=0
f(x,y)—{ 0, z#0and y # 0

o f(Am0) - f(0,0) . 1-1
f2(0,0) = Jim Az = im0

_ o fO,Ay) = f(0,0) . 1-1
Jy(0,0) = lim, Ay = Aim a0

but lir% f(z,y) does not exist since it depends on how we approach the origin. It follows that
z—0
f is not continuous at (0,0).

Example
Consider f(z1,...,x,) such that

foras ¥+ faorw, =0 (4.1)

Let us try to find a solution. Postulate f = (22 + .- + 22)* for some a € R. Then

0 o

= 2a(3:% 4+ 4 x%)a_l +4do(a — 1)3:%(33% 4+ 4 x%)a_z

=20(x? + -+ 2222 b 2 4+ 2(a — 1))

(4.2)

Now, (4.1) holds if and only if

S et 4t al+2(a— D] = n+2(e - D) (@f + -+ +23) =0,
k=1

2—n

which holds if and only if a = 252 and f = (23 + -+~ +22) 2 .
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4.3 Composite Functions and Chain Differentiation

Let us first consider a function of one variable f(z), which is differentiable over X = {z : a <
x < b}. Suppose x = z(t) is in turn differentiable over ' = {t : & < t < 3, such that z(t) € X
Vt € T. Then, F(t) := f(z(t)) is defined over T" and is differentiable over T" with

dF  df dx
dt  dr dx

F is called the ”composite function of t” or the composition of f and x. This 1-D result can

be generalized.

Theorem: Let f(x,y), fo(z,y) and fy(z,y) be continuous over an open region (set) R

in xzy-plane. Let z = x(t), y = y(t) be differentiable over an interval 7" C R such that

(z(t),y(t)) € R. Then F(t) := f(z(t),y(t)) is a differentiable function of ¢ over 7" and

dF afdx 8fdy

AT~ Oz dt oy dy dt (43)

Proof: Let At be small enough so that ¢t and ¢t + At are both in T". Let
Az = x(t + At) — x(t), Ay :=y(t + At) — y(t)

Then,

F(t+ At) = F(t) = f(z(t + At),y(t + At)) — f(z(t),y(t))
flx+Az,y+ Ay) — f(z,y)
flx+Ax,y+ Ay) — f(z,y + Ay) + f(z,y + Ay) — f(z,y)
f(9) = f(Q) + f(Q) — f(P)

By mean-value theorem, the points P, Q as shown above, subject to,

F(@Q) — f(P) = f,(P)Ay, £(S) - f(Q) = f.(Q)Ax

Hence AF  F(t+ At) — F(t) A A
_ ~F(t) _ y z
At At = f(P ) +f’”(Q) At

Taking limits as At — 0 and noting that Ax — 0, Ay — 0, Q— P, P—Pas At =0, we
obtain 4" = f,(P)% + f,(P)%

Example
r(z,y) = 2?y—e¥, v = 3t2, y = sint; 1 <t < 4. Now, R(t) = r(x(t),y(t)) = 9ttsint — 250t
By (4.3), we get

R(t) = 2zy - 6t + (2° — 2e¥) cost
= 36t3sint + (9t* — 2¢25%) cost

, which coincides with R(t) obtained by direct derivative of 9t* — 2¢25" with respect to t.
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4.4 Taylor’s Formula in 1D and 2D

Recall that in one dimensional case, by Fundamental Theorem of Calculus, we can write for
z,a € R,

fla) = f@)+ [ "), fx) = fla) + / " fa)de,
which give
@)= s+ [ [F)+ Fa)da] do
— f(a) + f(a)(z —a) + / ’ / " Flo)dwda

that generalizes to

+ Ry () (4.4)
where . .
Rn(az):/ / F(z)de ... dx (4.5)

provided f is differentiable n-time in the interval a, . We now show that,

(n)
£ (4 gy

n!

Rn(z) = (4.6)
for some ¢ between a and x. To see this let m and M be the minimum and maximum of
f (”)(z) for z in between a and z, which both exist provided f(™ is continuous in between a
and z. Then, (4.5) gives

m/ / d:z...deRn(x)SM/ / dr...dx

m(x;,“) < Ry(z) <M

or (x B a)n

n!

Now since f (”)(z) must assume all values between m and M by its continuity, it follows that
for some ( in between a and =,

(n)
Ry — 1€

n!

as claimed (4.6). The expression in (4.6) is called the Lagrange form of remainder for R, (z).
The expansion (4.4) is called the Taylor’s formula with n-th order error R, (z). In fact, if
one approximates

then the ”error of approximation” is given by | R, (x)|
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Example
Approximate e~* over 0.7 < xz < 1.3 by a second order polynomial of z : let us choose a = 1
so that (4.4) with n = 3 gives

ety et @)
flz)=e"=e e (x—1)+e 5 + R3(x) (4.7)
with R3(z) = —63—'(33 —1)3, ¢ € [1,z] or ¢ € [x,1], whichever inequality > 1 or 1 > =
holds. Note that
13 3)3
|R3(z)| = eicu < 60'7(05) = 0.0022 =: err,

6

the error of approximation made in (4.7) is less than ’err’ as long as 0.7 < z < 1.3.

4.5 Taylor Series

If derivatives of all orders of f exist and if li_>m |Ry(x)| = 0 for all z in an interval I including
n—0o0o

a, then

© (k) (g
=3 o

is the Taylor Series of f about a. It is convergent for all x € 1

Example
With a =0,
—T = kxk
et =2 (V'
k=0
—a)” —C
Now , R, (z) = f™)(z) (= n'a) = (—1)"€—'m" and
lim Ry (z)] = lim <" =0
A |Ba(2)] = lim —rfal” =

for all ¢ between 0 and x and for all x € R, it follows that Taylor Series of e™ exists for all
n
x about 0. ( lim ﬁ = 0 for any = € R, which can be seen by ”squeezing the tail”.)
n—oo !

We now generalize (4.4) and (4.6) to find 2D and then to any dimension. Given f(z,y),
let R be and open set in the zy-plane and consider a line extending from (a,b) to (xo,yo)-
We can parametrize any point (z,y) on the line by

z=a+(vo—a)t, y="b+(yo —a)t,
where t € [0,1]. The composite function F'(t) given by F(t) = f(x(t),y(t)) has the expression

F(t) = f(a+ (zo — a)t,b+ (yo — b))
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and it can be expanded about t = 0 using n*” order Taylor’s Formula as

F(n— 1) (O)

F(t) = F(0)+ F(0) + - + mt”*l + R, (1) (4.8)
where )
R, (t) = d n'(T)t" for some 7 € (0,1)

provided n'* order derivative of F' exists and is continuous. By Chain Differentiation

dx dy
Fi(t) = f””ﬁ + fya = feltap) (@0 = a) + fyl(ap) (o —b)
dx dy\ dx dy dx\ dy
F/l — o G el - el -
®) (f”dt +f$ydt> at (fyydt +f”dt) dt
= fa:a:’(a,b) (zo — a)z +2 fﬂcy‘(a,b) (o —a)(yo — b) + fyy’(a,b) (yo — b)2

and so on. Substituting into (4.8), we obtain for ¢ = 1, and for n = 1 and n = 2, for some
¢ € [a, o] or [xo, a] and 7 € [b, yo] or [yo, b],

f(xo,90) = f(a,b) + fo(C.n)(wo — a) + fy(C;n)(yo — b), (n=1)
f(fEO,yO) = f(aa b) + ff6<a7b)(x0 - a) + fy(yO - b)

+ %[fm(C,ﬁ)(% - a)2 + 2fxy(<a77)(930 —a)(yo —b) + fyy(Ca (Yo — b)2]a (n=2)

and similar expression for n > 2. In order to express the n'" order formula in a compared
way, let us define

0 0
D= (20 —a)z—+ (yo — b)éTy

so that in (4.8) we have

F®(0) = DFf +o 1

Dnilf + Rp;

a,b)

1
n=—D"f for ¢ € [a,z] or [z,a] and for n € [b,y] or [y, b]. Note that the expression.

R |
n (&)

f(x,y) = f(a,b) + fo(C,n)(x —a) + f,(¢;m)(y —b)

for ¢ between a, x and for n between b,y can be viewed as a 2D Mean Value Theorem.
Example

Find a linear approximation to f(z,y) = €*™¥ — 3y over 0.8 <z < 1.2 and —0.1 < y < 0.1
and give bound on the error of approximation, we have

fo= eoc—i—y’ fy ="tV — 3, fra = fxy = fyz = fyy ="ty
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Let @ =1, b = 0 (midpoints of the given intervals). Then

f(x7y) = f(a’ b) + fl‘(a7 b)(x - a) + fy(avb)@/ - b)
=ete(r—1)+(e—3)y
=exr+ (e —3)y
is a linear approximation with error

Ry = S[eHl(@ =12+ 200 = 1) +47)

for some ¢ € [0.8,1.2] and n € [-0.1,0.1], Then

|Ra| < €!3[0.0045]

Example

The first two terms (linear and quadratic) of the Taylor Series expansion if e*¥ about (a,b) =
(1,2) is

1
e =e*+ 2z — 1) +e*(y—2) + 2% (z — 1)* +3e*(z — 1)(y — 2) + 562@ -2)%4...

as fo = ye™, fy = xe™, frx = y?e™, fuy = (1 +zy)e™, f,y = 22" etc. Note that

Ry = (z — )ne + (y — 2)¢e”
Ry — %[(m —Dn® +2(z = 1)(y — 2)¢n + (y — 2)°¢Pe”

4.6 Implicit Functions and Jacobians

An equation f(z,y) = 0 can be viewed as defining y as a function of x implicitly so that it
can be written as

fz,y(x)) =0

Example
2
24y —4=0 = y=4+4/1— a:z We have two functions of = defined by f(z,y) = 0,

which are upper and lower part of ellipse % +9? = 1. The domain of definition of both are
—2 < x < 2. If we are interested in 3 < x < 8, then f(z,y) = 0 defines no function.

More often than not, it is not possible to solve for y explicitly, as in 2zy + siny = 3, which
is a transcendental equation.

Definition: A function f is of class C!, denoted as f € Cl, if f, and f, exist and we

are continuous in an open set, or open domain. It is of class C?, f € C?, if fi, fy, frx foys
fya, fyy exist and are continuous on an open set.
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4.6.1 Implicit Function Theorem

Let f(zo0,y0) = 0 and suppose f(x,y) is C! in a neighbourhood of (z¢,yo) with

fy(x0,0) # 0

Then, f(z,y) = 0 uniquely defines y(z) in some neighbourhood N of xg such that y(z¢) = yo
and y exists in N.

Example

Let (zo,y0) = (1, 77\/3) and consider 2 + 4y? — 4 = 0, we have f,(z,y) = 2z, f,(z,y) = 8y,
which are continuous everywhere so that f € C! everywhere and hence in a neighbourhood

of (1, —@) Further,
1y (1, —‘f) = —4V/3#0
12

so that by the theorem, y(z) exists in a neighbourhood of zy = 1. In fact, y = —/1 — s is
defined everywhere in (—2,2) C R.

Example

flz,y) = (y — 2x)e¥ — 22 +1 = 0, (z0,50) = (1,2), are such that f(1,2) = 0 and f, =
—2¢¥ — 2z, f, = (y — 2z + 1)e¥. Thus, f € C! everywhere. Also, f,(1,2) = €? # 0 so that
we know that y(x) exists in a neighbourhood of zp = 1. However, an explicit expression for
y(x) is not clear. The theorem only tells the existence

How to compute y(z) when it exists: Suppose y(z) exists about xzy. We can consider
its Taylor expansion about xg:

y" (z0)
2

y(x) = y(xo) + 9 (20)(x — 20) + (x —x0)+ ... (4.9)

provided 3" exists about zg, etc. We also have

@) = o) + fyla )y =0

which gives, provided f,(zo,%0) # 0, that

fz(20,¥0)

(o) = - fy(wo, yo)

Now, if f,(z,y) # 0 in a neighbourhood of (zg, yo) and if f € C?, then

n_ (fmc + fwyyl)fy - (fyyyl + fya:)fm
Yy fyg
_ fg?fyy - fg?fa:w + Qfxfyfxy
1y
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Continuing this way, the terms of the Taylor series (4.9) can be computed from the partial
derivation of f and its evaluations at (xq,yo)

Example: f(z,y) = (y — 22)e? — 2% + 1, (z0,50) = (1,2)

1,2) —2¢2 -2
/1:_f$(7 — _ :21 —2
y( ) fy(172) 62 ( +e )
2+ 2xe™Y
writing 3/ = Zteve 7 and differentiating, we get
y—2xr+1

p o (207 —2ze 2y )(y — 2z + 1) — (v — 2)(2 + 2ze7Y)
(y—2x+1)2

J(1) = 2e72 —2e722(1 + ef) —2e%(2+2¢7?) 62 _ gt

Thus,
yx)=2+20+e Dz —1)+ (-3¢ 2 —de H(z - 1)*+...

Example: Implicit function theorem can be used to obtain inverse functions, Consider y =
sin(z) and let us write

f(&,9) = & —sin(g) =0
and note that ¢(Z) would be the inverse function of sin(z). Let us choose #y and consider
(Z0,90) = (0,0) that satisfies f(z0,90) = 0. Also, f € C! since f; = 1, f3 = —cos(§).
Further, f;(0,0) = —cos(0) = —1 # 0. By the Theorem, (Z) exists for  in a neighbourhood
of 9 = 0. We actually know that it exists in (—1,1) C R :*insert images here*

4.6.2 Multivariable Case: Jacobian

Consider a system of n-equations

f1($1,...,$n,ul,.. . ,Un) =0
(4.10)

fn(wlw")xnaula“ . 7un) =0
Does there exist ui(z1,...,2n),...,Un(Z1,...,2y,), functions of n variables, satisfying these
equations? Let P = (x10,...,Zn0, 10, - - -, Uno) be & point on 2n-space such that (4.10) holds

at P

Fact: If fi,..., f, € C' in some neighbourhood of P if

df1 df1

det | : S #0
Onf Ofn
ouy T Oupdlp
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then there exists C! functions uy (x1,..., %), .., up(T1m, ..., z,) that satisfy (4.10) in some
neighbourhood of (x1¢, ..., zn) in n-space.

Example:
x=rcos(0)] fi(z,y,r,0)=x—rcos(f) =0
y=rsin(d) | fa(z,y,r,0) =y —rsin(d) =0

All particular derivatives of f; and f» exists and are continuous in R* = {(x,y,r,6)}. Further

°h oh (0) in(6)
" B — cos 7 sin B
det % % = det [— sin(f) —rcos()| "
or 00

Which is non-zero everywhere in R* except when » = 0. It follows by the Fact that, the
functions r(z,y), 6(z,y) exist in any neighbourhood excluding the origin, i.e., the point
(0,0) in xy-plane. We denote

on  on
o . Ok

J(ulu‘ 7Un) = g(flw 7fn) :det ul u
N )

8u1 8un

and call it the Jacobian if f with respect to u. The Jacobian comes up in the calculating
8uj

81}

fori,j=1,...,n.

Example:

0
0

f(x7 y? u7 U) = O} F(:C7 y) = f(x7 y7 u(x7 y)’”(x7 y)
g(z,y,u,v) =0 If w and v G(z,y) = g(z,y,u(z,y),v(x,y)

)
exists as functions )

of (z,y

Computing u(z,y), v(x,y) requires terms in the Taylor series, e.g.

u(z,y) = w(wo, yo) + uz(0, Yo)(* — o) + uy(wo, Yo, ) (Y — Yo) + - -

Now,
OF oF
%—fx“‘fuuw"'fvvx—oaaiy—fy‘kfuuy‘kfvvy—o
oG

%:gx+guum+gvvx:0a aiy:gm_kguuy_‘_gvvyzo
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so that

wa [fo 51 o 1]
uy = — 9z gv7 S Gu Yz or,
e [ ] e [ 7

Ju Gv Ju  Gv

a(f,9) af,9)
@) dw)
Coalhg) T Of.9)

d(u,v) O(u,v)

and similarly for u, and v,. Since J(u,v) occur in the denominator of every partial derivative
of u,v it must be non-zero for the existence of every partial derivative u,, uy, vs, vy, etc.

4.7 Maxima and Minima of Functions

4.7.1 1-D Case

A function f(z) has an absolute maximum at zg if f(z) < f(zp) for all x in the domain of
definition of f. It has an absolute minimum at z¢ if f(xg) < f(z) for all z in the domain of
definition of f. It has a local maximum at z¢ if f(z) < f(xg) for all x in a neighbourhood of
xo and a local minimum if f(z) > f(x¢) for all z in a neighbourhood. In the figure *insert
figure*, A, B,C, D, F are also called extremum points (max or min points) but not E, which
is called and inflection point.

Fact: If f(z) has a local extremum at a point g, and if f/(zg) exists, then

f'(zo) =0 (4.11)
Proof: Suppose zg is a local minimum point so that f(xg) < f(z) i a neighbourhood N (zy).
Then, as

T—T0 T — X0

the left limit is negative and the right limit is positive as x — z. It must be that f/(zq) = 0.
The same argument applies to a local maximum with small alterations. It follows that (4.11)
is a necessary condition. t is not sufficient since the point £ in the above example also sat-
isfies f(F) = 0 (zero slope), whereas E is neither a local maximum nor a local minimum.
Such a point as E is called horizontal inflection point. A sufficient condition is given next

Theorem: Suppose that for some xy in the domain of definition of fm we have that, for
n > 2,
F(xo) =0, f(x0) =0,..., f"V(xg) =0 but f(z9) #0 (4.12)

Then if (™) () is continuous in a neighbourhood of z(,
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(i) n even and £ (zg) <0 = o is local maximum point.
(ii) n even and f(™(x) > 0 = 0 is local minimum point.
(iii) » odd = x¢ is horizontal inflection point
Proof: As f(")(z) is continuous inn some neighbourhood N (z), we have
sign £ (z) = sign £ (x¢), V& € N(x0)
By Taylor’s formula

(n)
1) = o)+ 2 @~y 2 € Nao) (4.13)

for some ¢ € N(xg) C N(xg), where N (z) is a smaller neighbourhood. Thus, sign (™ (¢) =sign
™) (z0). Tt follows by (4.13) that, when n is even

sign[f(x) — f(w0)] = sign f") (z0), Va € N(xo)

which gives the first two claims. If, on the other hand, n is odd, then depending on the

whether = < g and x > ¢, we will have f(z) — f(z() have opposite signs, which gives that

x¢ is an inflection point.

Example: f(z) = (27 —x —1)? = (Vz — 1)*; 0 < 2 < oo. Note that f'(1) =0, f’(1) =
3

0, f(1)=0,f9(1) = 5 # 0. Since n is even and f()(1) > 0, we have a local minimum at

.212‘0:1.

Example: f(z) = (z — 1)%In(z); 0 < 7 < co. Now,

F@) = (@~ Dl2in(a) + T

x — r—1)32
F(a) = 2m(a) + 27 - O 2
f”’(x):%—l—%%—%(a@—1)3—%(9@—1)—%(3:—1)—1—%

so that, f/(1) =0, f”(1) =0, (1) = 6 # 0. Hence, n is odd so that there is a horizontal
inflection point at zo = 1. Note that f’(z) = 0 has only one solution zp = 1 since the curves

In(z) and

x
intersects only at x = a9 =1

4.7.2 Multivariable Case

Let us consider f(z) = f(x1,...,z2) defined for z € D C R™ and a point & = (21,...,4,) €
D. If there is a neighbourhood N (Z) such that

(Z) Vz € N(z) = & is a local maximum point

f
f(z)Vz € N(Z) = 2z is a local minimum point



of f.

Theorem: If f has a local extremum at £ € D and if f € C!' (continuously differentiable)
in a neighbourhood of Z, then

of of

e A 414

ox1 Oxy, ( )
Proof: Consider any curve passing through Z in n-space and let 1 = z1(7),...,Tn = Zn(7)

be a parametric equation of this curve such that z(0) = z, i.e.

A~

x1(0) = 21, ...,2,(0) = 2,

/A

By f € C', whenever the chosen curve is smooth, i.e., T}

we have that the composition function

F(r) = f(z(r)) = f(z1(7), .., 20(T))
is differentiable in this interval of 7 = 0 with

d 0 d 0 dx,
TO= @0+ L @0 =0 (1.15)

(7) exists in an interval about 7 = 0,

for every choice of such smooth curves. As the chosen curves through & changes, the values

d .

%(O) assume infinitely many different sets. Hence, the only way (4.15) holds for all these
-

curves is that (4.14) is satisfied. A point & satisfying (4.14) is called a critical point of fj.
Not all critical points are local extrema, just like in 1-D case.

Example: [ (i1, 23) = o} — 3

O _ o, OF

= 2T = —2:(}2
8:61 ’ 61;2

which are both zero at (21,22) = (0,0). However, f > 0 for 1 > x5 and f < 0 for 1 < a2
and in any neighbourhood of (0,0) there are infinitely many such points. Hence & = 0 is
neither a local maximum nor a local minimum points. It is called a saddle point.

Theorem: (Classification of Critical Points) Consider that

fo (@) =0,..., fe, (&) =0

for some Z in the domain of f. If f € C? in some N (&) and if det H(Z) # 0, where

fria(Z) o fare, (2)

H = (Hessian)

(i) H is positive definite = £ is a local minimum point.

(ii) H is negative definite = Z is a local maximum point.

57



(iii) H has at least one positive and one negative eigenvalue (Indefinite) = 2z is a saddle
point.

(iv) Otherwise, the Hessian does not give sufficient information to classify .

Remark: Multivariable Taylor’s formula can be written as

fo= J@) + I@) -2 + 5 - H@ 2 -2)+ ..

where J is the Jacobian (row-vector [fg,,..., fz,]) and H is the Hessian.

Recall: A complex A € C is an eigenvalue of a matrix M if it a root of the characteris-
tic polynomial

A(s) =det(sI — M)
If M is symmetric, then all its eigenvalues are real numbers. A symmetric M is positive
definite if all its eigenvalues are positive. It is positive semi-definite if all its eigenvalues
are non-negative. A matrix M is negative definite if it is symmetric and if —M is positive
definite. Similarly for negative semi-definite.

Example

(1)
M= [—11 _11}’M_M_ le )\il]

det A\ —M)=(A—1)2—1=0 = A\ =0, \y = 2. so that M is positive semi-definite.
(2)

det( A\l — M) =(A-1)2—4=0 = A\ =3, A2 = —1, so that M is neither positive nor
negative (semi)definite, thus indefinite.

-1

2

i

(3)
M = [
3 . o .
, Ag = 3 so that M is positive definite.

I
\’—‘M‘HH

1
det(M = M) = (A=1)> =7 =0 = X =

[\

2y — 1 2 .
Example: f(z,y) =In2z2(y—1)+1 = f, = 21:(;_1))“, fy = m Setting

fz =0, fy =0, we have & = (0, 1) is a critical point.

—4(y—1) 2
H(z) = [22(y —21) +1]? [2x(y:4::ln)2+ 12 — [(2) (2)}

Rz(y -1 +12 [a(y—1)+1]?

=2z

Eigenvalues of H (&) are found from A2 — 4 = 0 as {2, —2}. The point Z = (0,1) is a saddle
point of f(x,y).
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4.7.3 Constrained Extrema
Consider the problem of finding the extrema for f(z1,...,z,) subject to the constraints

gj(x1,...,xn) =0; j=1,...,k

Example: Determine the closest point on the plane 2z — y 4+ z = 3 to the origin. Here
f(x,y,2) = 22 + y? + 22, distance to the origin of a point (x,y,2) ad the only constraint
is g(x,y,2) = 2¢ —y+2z—3 = 0so that n = 3, k = 1. Such a problem can be solved by
converting it ti and unconstrained problem of finding the extrema for

[z, A) = f(z) — Mgi(z) — - — Mpgr(2)
where A = ()\1, .. .,)\k)

Example: In the example above

f*(x,y,z,)\)::c2+y2+22—)\(2x—y+z—3)

so that
of* af*
=2z — 2\ =2 A
Ox v " Oy v+
af* af*
=2z -\, — =21 — -3
EP z "IN r—y+z
Setting all these to zero, we get
2 0 0 =2| |z 0 T 1
0 2 0 1f/|y| _|o vyl |3
0 0 2 —1||z| " |o| = |z] T |}
2 -1 1 0 A 3 A 1

Hence, & = (1,—1/2,1/2) is a critical point and form the geometry of the problem, must be
the minimizing point on the plane.

Remark: The Hessian matrix sufficient condition does not apply to constrained problems
via Lagrange multiplier solution. A second and more obvious method is the method of elim-
ination, where constraints used to reduce the dimension of the problem to functions of less
number of variables.

Example:Using the constraint 2z — y + z = 3 we have that
y=-3+2x+z
so that F(x,z) = f(x,y,2) = f(x, —3+2+27,2) = 22+ (3— 2 — 22)? + 22. Taking derivatives

of F', we have

oF

Fo e
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which gives (z,2) = (1,1/2) and § = =3 + 22 + 2 = —1/2. Hence, 2 = (1,—1/2,1/2) is a
critical point, which by
[10 4

A 4] , det(H)=24>0

is a minimum point.

Remark: Given gj(z1,...,z,) = 0, we can solve for the implicitly defined x,, = G(x1, ..., 2p—1)

if 8& is non-zero at a point (x19,...,Zn—1,0). The function G is defined in a neighbourhood
Iy

of (1'107 . ,.Tn_LQ).

Remark: In 2D, we can visualize minimize f(x,y) subject to g(z,y) = c as follows: If
(Z,9) is a solution, then minimum is ds in the figure, where the level curves and the curve
g(x,y) = c are shown *insert image here*. Thus, at (&,7), gradients of f and g are parallel,
i.e., there is A such that

Vf=AVgor fp —Ag: =0, fy —Agy =0

Method of Lagrange
Minimize f(x,y, z) subject to g(z,y,z) = 0. We have
df = frdx + fydy + f.dz =0
dg = g.dx + gydy + g.dz = 0
which give
df — Mg = (fo = Aga)dz + (fy — Agy)dy + (f: — Agz)dz = 0

for all A. Since dz, dy, dz are not independent increments, we cannot conclude that f; —Ag, =
0, etc. However, note that if, e.g., g, # 0 at the critical point (&, 7, 2), then leaving

fo(#,9,2)
)

9:(
we obtain (f; — Agy)dz + (fy — Agy)dy = 0 at (2,9, 2), where dz and dy are now independent
increments. This gives

IS3S

A=

>
S [
N>

Y Y

fm(:ﬁagvé) = Agw(£7@7 2) and fy(i'>g>2) = )\gy(i‘agaé)
as well.

Method of Elimination

Suppose ¢.(Z,9,2) # 0 so that in a neighbourhood of (%,7, %), we have z = G(z,y) for a
function G given by the implicit function theorem. Then,

flz,y,G(2,y)) = F(x,y)
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is a well defined composite function in a neighbourhood of (z,9). Since

oF oF
df = —dx 4+ —dy =0 (df =0 at an extremum)
Ox oy

for independent dz and dy, we can conclude that

Fx(iag) = 07 Fy(fag) = 0
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Chapter 5

Functions of a Complex Variable

A function w = w(z) of a complex variable z is a rule that assigns a unique value w(z) € C.
Writing w(z) = u + v for u,v € R, and z = x + iy for x,y € R we have

w(z) = u(z,y) +iv(z,y)

the real and imaginary parts of w are functions of two variables x and y.

Example
w = 22, D =First Quadrant= z =z +iy; k>0, y > 0. We can not plot w for all z € D

but can have an idea by plotting the image of certain geometric objects under the mapping

’LU:Z2

2
Ll:y:y070§xgoo - U:.’I,'2—y87’[}:2,’1)y0 . u_<2v> _yg
Yo

2
v

Ly:z=m9, 0<y<oo = u=uxj—y’ v="2my — u::c%-(z)
Lo

5.1 Elementary Functions

5.1.1 Exponential Function
Recall that e = cosy + isiny was the Euler’s formula. Exponential function is defined as
W ea:+iy

e® = e”(cosy + isiny) = e’e

Note that its modulus is given by
¢*] = e\ fcos?y + sin? y = e

ef = ezﬂ‘%k, Vk e Z

and that

The exponential function of a complex variable is hence a bit different from that of a real

variable, although similar. For example d%ez = ¢%, as we will later show.
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5.1.2 Trigonometric and Hyperbolic Functions

We can write, by Euler’s formula, cosy = [e% + e %] and siny = L[e® — e ®]. This

motivates the definitions

e’LZ _|_ e*’LZ . elZ _ e*’LZ
cosz=——#—o ¢8inzg= ——
2 2
Similarly L .
e”+e . e —e
coshz = , sinh z = 5

Observe that
cos(iz) = cosh z, sin(iz) = ¢sinh z

cosh(iz) = cos z, sinh(iz) = iisin z

The usual identities for trigonometric and hyperbolic functions also hold:

sin? z 4+ cos® z = 1, sin(—z) = —sinz, cos(—z) = cos z
cosh? z — sinh? z = 1, cosh(—z) = cosh z, sinh(—z) = —sinh z
Also,
—sinz =cosz, — cosz = —sinz, — cosh z = sinh z, etc.
dz dz dz

5.1.3 Integrals of Complex Valued Functions
Suppose f(z) € C for z € R. Then we can define

[ t@de = [ Ris@)dz+i [ 3{f@)da

w [ s@ae} = [Ris@)ae. of [ 1@} = [stp@par

which means

Example
oo oo .
/ e *cos(azx)dr :/ R{e e }dx
0 0
(o)
= §R{/ e(lm)xdx}
0
B §R{ ef(lfia)m } &
—(1 —da) o
_ 1 1 : —x _iax
_%{1—2'@} T Al e
But, lim, o0 [e7%€?| = lim e™* = 0, provided a € R, so that lim [e_xeia$
T—r00 T—r 00
Therefore,
o 1 1
e *cos(ax)dr =R — = , Vae R
0 1—ia 1+a?
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Example
Certain differential equations with sinusoidal forcing functions, like F' cos(wt) or F'sin(wt),
can be solved by finding a particular solution to the forcing function Fe®*

. .1 dE(t
Li+ R+ —i= J, E(t) = Eysin(wt)
— Li+Ri+ 6@ = Eyw cos(wt)

Let us consider Li + Rx + %ZL‘ = FEowe™! instead and note that a (possibly complex valued
solution) x(t) is such that i(¢) = Rx(¢) is a solution to (5.1). Thus a particular solution
z,(t) = Ae™' can be sought according to the method of undetermined coefficients. Then

1 A A
L(iw)* 4+ R(iw) + C] Ae™ = wEye™!

is obtained by substitution into Lz, + Rz, + %mp = Fywe™?! so that

wky . . wEpet
T,(t) = et i (1) =R
p(1) & — Lw? 4+ iRw »(0) {é—LoﬂHRu}

Now,

o o wENC[(1 — LCw?) cos(wt) + RCwsin(wt)]
ip(t) = %{ : (I — LCw?)? + (RCw)? }

Another expression for this particular solution for (5.1) is

ip(t) = M sin(wt + ¢); M = , ¢ :=tan —_—
(1) ( ?) V(1 = LCw?)?2 + (RCw)? ¢ RCw
5.2 Polar Representation
The polar representation of a complex number z = z + iy is given by z = re?, where
r=|z] = /2?2 +y? and § = arg z = tan~! Y Note that the and § = arg z is only determined
x

upto a multiple of 27 since e/?t27%) = ¢ for any integer k. That value of argz = 6, which

satisfies —m < 0 < 7 is called the principal argument of z and denoted by Argz. Thus, arg z
and Arg z are related by
argz = Argz + 21k, k € Z

Example
z=1+i=+2¢"*and Argz = %

All of % + 27k are valid values for arg z.

Remark: In computing 6 = tan_l(g) we also need information about the quadrant in which
x
om

5
(x,7) lies. For instance with z = 1+, tan™!'1 = % + 27k, not tan~! = Zﬁ or i + 27k,
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because (z,y) = (1,1) is in the first quadrant.

Convention: The principal argument of a negative real number is taken as 7 (not —)!
Also observe that the polar form of z € C exists only if z # 0 since of z = 0, the angle is not
defined.

The main advantage of polar form is in multiplication and division of complex number.

Let 21 = r1e'1, zo = roe®2. Then, with z = re'?,

. 21 T1 (9, —
2122 = T1T2€Z(91+92), = = —lth=f) (22 #0),
22 T2

2= (rel?)" = e n c 7 (5.2)
By (5.2), cos(nf) + isin(nf) = [cos @ + isin 0", called deMoivre’s Formula.

5.3 Additional Elementary Functions

5.3.1 Fractional Powers

Given z € C, let us write the polar form in terms of a fixed arg z = 6y as z = €'%. Then,

.0p+27k

Zl/n _ [ i(60+27k) ]l/n _ fe p

9

where kK = 0,1,...,n — 1 are values of the integer k£ that yield distinct points in the plane.

These n numbers are the n'" roots of z. Here, the positive n'" root of the real number r, {/r

is the modulus of z*/™ and the n values —, k = 0,1,...,n—1 are equally spaced angles
n

of all n'" roots of z.

Example
(—8)1/3 =7 Let z = —8 = 8¢'™ with fy = m = Arg —8. Then

;2R D

(—8)Y/3 = Y —8e' 3 =0,1,2,
so that the three 3" roots of —8 are
{273, -2, 2eP7/3) = {1 +iV/3,-2,1 — iV/3}

5.3.2 Logarithmic Function

We will denote the real logarithmic function by ”In” and the complex logarithmic function
by ”log”. The latter is defined

log z := log(re?) = In(0) + if (5.3)

which will be as if ”blindly” applied the rules for the real logarithmic function. Here, § = arg z
so that
logz = Inr +i(6y + 27k); k € Z,
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where 6y is any fixed value for arg z, e.g., Argz = 6

Example
log(1 + ) = log(v2e'(3 *2™) = In V2 4-i( + 2rk)

Using the definition (5.3), we can also define, with z = re®,

¢ = eclogz — 6c[lnr+i9}7 Vee C

Example
18 = eilogl _ ei(ln 1+i2nk) _ 6727rk forkeZ

If we let k = —20, then 1° = 07 a very large number!

Remark: ¢'987 = en7+i0 — gnreil — il — 5 whereas, loge? = In |e?| + i arg e?
=Ine® +i(y+ 2rk) =z + iy + 27k = 2z + 2nk for k € Z

5.4 Branch Cut

Functions z'/™ (n > 1), 2¢ (c € C), log z are all multiple valued, not functions in the usual

sense! The reason for multiple values is the non-uniqueness of ”arg z”. For instance different
logarithmic functions are obtained by

log®(2) :==In|z| +if, -t <0 <
log® (2) :=In|z| +i0, m < § < 3x

In obtaining these two functions, we specified ”branch-cuts” at &« = —7 and a = 7, respec-
tively. If we consider n point like ”-2” and log(—2), then

log((=2) := In(2) + im, log®(—=2) := In(2) + 37
Moreover, the point A and B in the above figure will have values
log(® (A) := In(2) +i(7 — €), log® (B) := In(2) + (37 — ¢)
log{® (A) := In(2) + i(—7 + €), log®(B) := In(2) + i(7 + )
for a small positive angle €. Similarly, a logarithmic function of branch cut of a would be
logz=In|z|+iargz, a <argz < a+ 27

so that argC' =2 a + 27 and arg D = « for points C' and D in the figure. Going from C
to D and passing the branch cut, the argument jumps by an angle of 2w. Thus, the log z,
thus defined as a single valued function, is continuous everywhere except along the branch cut.

A suitable branch cut for the function log(z — a), on the other hand, will be as shown
in the figure. We have with ( =z —a

log(z —a) =log( =Inp+ip; ¢ =z —a = pe'®
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5.4.1 Inverse Functions

-1

A function w(z) = sin™" z must satisfy sinw = z so that

eiw _ efiw ) ) ) )
p= e = e 2i2=0 = (e™)? — 2ize™ —1=0
(3

which solving for €™, gives e = iz + /1 — 22, where /- is the ”complex square-root” and
has two values. Now applying ”log” to both sides, we get

iw=logliz+ V1—2?] = w=—ilogliz+ V1 — 22

which can be considered to be a "multiple valued inverse function of sin z”.

Example
sin~1(24) =7
sin~1(2i) = —ilog[i(2i) + /1 — (24)?]
= —ilog(—2+ \f)
= —ilog(—2 £ V5)
B {—z‘[n(\f— 2) +i27k], k€ Z
—i[ln(v5+2) +ir(2l + 1)], L € Z
B {mk —iln(V5—2), keZ
in(20+1) —iln(v/5+2), l€7Z

Noting that v/5 — 2 = (/5 +2)™!, we can combine to get

sin™! = nr 4+i(—1)"In(vV5+2), n € Z

1

Other inverse functions, cos™! z, sinh™! z, tan~! z, etc. can be obtained similarly.

5.5 Limits, Continuity, Derivatives

Let f: D — C with D C C and let zp € D. We write lim f(z) = L if for every ¢ > 0, there

Z—20
is f > 0 such that
0<|z—20| <0 = |f(z) —L|<e¢

i.e., if z is d-close to zp, then f(z) is e-close to L. This definition is equivalent to that we
used for functions of two variables since |z — zg| < f defines a N(zp,0) (neighbourhood of
radius § about zp in xy-plane with z = x + iy). If we write f(z) = u(z,y) + iv(z,y), then
lim f(z) = L if and only if

Z—20

lim  wu(z,y) =RL and lim  v(z,y) =SL
(2,y)—(z0,90) (2,y)=(z0,90)

where zy = xg +iyo. This last fact allows us to derive that usual properties of limit holds for
the limit of functions of a complex variable. Continuity is obtained if, in addition, L = f(zp),
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ie., if lim f(z) = f(20), in which case we say f is continuous at zyp. The derivative of f at
Z—r20

zo is defined by
f/(zO) — lim f(Z) B f(ZO)

Z—20 zZ — 20
whenever the limit exists. Equivalently, if we replace z — zg by Az

fz0+Az) = f(2)

Az—0 Az

for every Az small enough so that f(Az) is defined, i.e., Az € D
Example: f(z) = Z is such that

flz4+082)— f(z) z+Az—2 Az  Az—ilAy

Az Az T Az Az+ilAy

Now, if Ay = 0, then the limit is clearly 1 and if Az = 0, then, -1, as Az — 0 and Ay — 0.
The value of the limit depends on the ”direction of approach” to z. The derivative, hence,
does not exist and we say f(z) = Z is nowhere differentiable.

Example: f(z) = 2", n > 1 is and integer

oy (AT =2
v
i Sha (A

Az—0 Az
n

T n\ k n—k—1
- dm, 32 ()89

_ n n—1
(")

=nz"!

d
Therefore, 2™ is everywhere differentiable with d—z” =nz" L.
z

5.5.1 Cauchy Riemann Equations

Letting Az approach 0 first from a horizontal direction and second, from vertical, in zy-plane,
we obtain a necessary condition for the existence of f’(z) for any f(z): Let Az = Ax +iAy,
z =+ 1y, 20 = To + iyo, and f(z) = u(z,y) + iv(x,y). Then

f(Az + 20) — f(20)

/ —_— —_—
Flao) = m =7
_ g “@ot Azy+ Ay) —u(zo, yo) + ifv(zo + Az, y + Ay) — v(zo, Yo)]
Az—0,Ay—0 Az + sz
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Letting first Ay = 0, we have

u(xo + Az, yo) — u(xo, yo) + i[v(zo + Az, yo) — v(x0, yo)]

/ o .
flz0) = fim, Az
Oz (x0,y0) Oz (%0,y0)
= uz (20, yo) + vz (0, Yo)
Letting Az = 0, we have
ov . Ou
f'(20) = 90 —ia
Y1 (x0,y0) Y1 (zo,y0) (5.5)

= vy(x0, yo) — iuy(xo, Yo)

By equating the real and imaginary parts in (5.4) and (5.5) we get the necessary conditions
for f'(29) to exist:

ux($0)y0) = Uy(lbu y0)7 Uy(u’UanO) = _Ua:($0a yO) (56)

These are the Cauchy-Riemann equations.

Theorem:, Let f(z) = u(z,y) +iv(z,y) be defined in a neighbourhood of zy = g + iyg. For
1'(20) to exist

(i) It is necessary that (5.6) holds.

(i) It is sufficient that (5.6) holds and u, v are C! functions in some neighbourhood of
(:EO’yU)

(iii) If f’(z0) exists, then it can be computed by any one of
f’:ux+ivz:Uy—iuy:ux—iuy:vy—l—ivm
Example: f(z) = |z]>=z22=2 413> = u=2?+1> v=0
Uy = 22, Uy = 2y, vy =0, vy, =0

Thus u, = v, and u, = —v, gives (z,y) = (0,0). Hence f/(z) exists only when z = 0 by (5.6)
and it does exists with value f/(0) = 0 by (ii) and (iii) of the theorem

Definition: f(z) is analytic at z if it is differentiable at all points in a neighbourhood
of zp. If not, then it is singular at zp. f(z) is analytic in a domain D if it is analytic at every

point of the domain.

Example:

(1) f(z) = |2|? is nowhere analytic (although it is differentiable at z = 0).

1
(2) f(z) = — is analytic everywhere except at z = 0, which is a singular point of f(z).
z
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(3) f(z) = z is nowhere differentiable so that nowhere analytic.

(4) f(z) = 2"(n > 0) is analytic everywhere, such function are called entire.

—~
ot
N~—
~
—
R
~—
Il
®

# = e*(cos(y) + isin(y)) = u = e*cos(y), v = e*sin(y)
uz = €” cos(y), vy = e* cos(y), uy = —e*sin(y), v, = e*sin(y)

Cauchy-Riemann equations hold everywhere. The value of f'(2) is f'(2) = u, + iv, =
e” cos(y) + ie” sin(y)

(6) f(2) =sin(z) = sin(x) cosh(y) + i cos(z) sinh(y)
uy, = cos(x) cosh(y), vy = cos(x) cosh(y), uy = sin(x)sinh(y), v, = —sin(x) sinh(y)

so that again, Cauchy-Riemann equations hold everywhere. Since u, v are C! functions
everywhere, we also have

f'(2) = ug + v, = cos(z) cosh(y) + —isin(z) sinh(y)

(7) f(z) =) — f(2) = e9%); g(2) = sin(z) By Chain Rule

df _ detdg

- g d = e9 cos(z) = ™) cos(z)

Since both €9 and g are entire functions, so is their composition.

5.5.2 Cauchy-Riemann Equations in Polar Coordinates

Let z = ret? so that
f(z) = u(’r, 0) + Z"U(T, 9)

for functions u, v of independent variables r, 8. Then
ur| | cos(f) sin(€) | |ug ve| | cos(f) sin(f) | [vg
ug| |—rsin(d) rcos(9)| |uy|’ |ve] |—rsin(d) rcos(d)| |vy
which follow by w, = uzx, + uyy,, ug = ugxp + uyys and by = = rcos(d), y = rsin(6).

Similarly for v. It follows that by (5.6),

1
Uy = cos(0)uy + sin(0)u, = cos(d)v, — sin(0)v, = —vy

1
vy = cos(0)vy + sin(f)vy, = — cos(0)uy + sin(f)u, = ——uyp
r

Moreover, A
f1(2) = ug + ivy = e (u, + iv,)

which can be verified by substituting w, and using (5.6) again.
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Example: f(z) = log(z) = In(r) +i, 0 < r < oo, —m < 0 < 7. is a differentiable
function everywhere in its domain since u(r,0) = In(r), v(r,0) = 6, then

1
Up = —, 1}0:17 U/QZO, UTZO
r

so that

1 1
U = —vg andv, = ——uy =0
r r

Thus, Cauchy-Riemann equations hold with uw,v € C!. It follows that f is everywhere
differentiable for the domain r # 0 and 6 € (—m, 7). The derivative is given by

d i . _qal 1
ﬁlog(z) = e Y(u, +iv,) = e ’9; =

Analytic functions have a remarkable property:

Fact: If f is analytic in a domain, then f(*) exists for all order k¥ > 1. Moreover, if
f=u(z,y) +iv(x,y), then partial derivatives of f and they are continuous there

Consider f(z) = u+iv and suppose it is analytic in D. Then, by Cauchy-Riemann equations
Uy = Vy, Uy = —V; V(x,y) € D, which implies, by the fact above, that

Upr = Vyg, Uyy = —Vgy = Ugz + Uyy = 0,

Vyy = Usy, Vgo = —Uye = Ugz + Uyy =0, Y(x,y) € D

Thus, Laplace’s equations V2u = g, + Uyy = 0 and V20 = vy + vyy = 0 hold for functions
u and v over D.

Note: The Laplace’s equations in polar coordinates is
uge + Uy + T = 0, for u(r, 0)

A function h(z,y) is called harmonic in a domain D in xy-plane, if it is C? in D and satisfies
V2h = 0 for every (z,y) € D. Clearly, if f = u + iv is analytic over D, then u and v are
harmonic functions over D.

Definition: A 2D function v is a harmonic conjugate in D of u if they are both harmonic in
D and the Cauchy-Riemann equations u, = vy, 1, = —v; hold over D.

Fact: If u(z,y) is harmonic in the rectangle R = {(z,y) : =1 < z < z2, 11 <y < ya},
then there exists a harmonic conjugate v of uw in D = {(z,y) : o1 <z <x9, 11 <y <1y }
such that f = u + dv is analytic in D.

Example: u = 3zy? — 23 is clearly C? and satisfies

Uy = 3y2 — 322, Uy = 62Y, Ugy = —6T, uyy = 6, Vu=0
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Hence, it is harmonic in the whole plane. We construct a harmonic conjugate v: By Cauchy-
Riemann equations u, = v, = 3y? — 322 so that v = y3 — 322y + A(x) for some A(z).
Also,

vy = —6zy + A'(z) = —uy = -6y = A'(z) =0 = Az) =c

for some ¢ € C. Hence, v(x,y) = y® — 322y + ¢ for any ¢ € C is a harmonic conjugate of u.
Note that
f(2) =u+iv=—23+ic

is analytic in the whole plane, i.e., entire.

5.5.3 Complex Integral Calculus

A curve C in xy-plane is simple if it does not intersect itself. If only the end points of C
is an intersection, then C' is called a simple closed curve. It is called smooth if the tangent
vector is well defined at every point of C' and it varies continuously along C. A curve C is
called piecewise smooth if it can be partitioned into a finite number of smooth segments. A
contour is a curve, which is piecewise smooth and simple. Given a contour C' with initial
point A = zp and final point B = z,, let us partition C' into n smooth segments by choosing
n — 1 points in addition

A=20,21,.-,2n-1,2n = B
Let @ be points on the segment from z;_1 to z; for k=1,...,n and let
Azp =2z — 251, k=1,...,n

which is a vector of length |Azg|. Also let |Az| = max |Azk|. The contour integral of f(z)
along C' is defined as

n—oo, |[Az|—0 n—oo, |Az|—0

/ f(z)dz = lim Z f(Qr)Az, = lim Jn (5.7)
¢ k—1

whenever the limit exists.

Example: Let us compute the contour integral of f(z) = z along an arbitrary contour
C' using his definition. We will calculate the limit in (5.7) by first choosing Qx = zi_1 and
second by choosing Q. = zi

n

Jy = Z [(Qr)Az, = Z f(zr—1)Az, = Z 1Az
k=1 k=1

h=1
Tr = [@QuAz =) f(a)Az, =) 2z
h=1 s s

so that

Jhr gt =222 =B%- A?
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Hence,
lim  (J+J3)=B*- A% = 2/ f(z)dz
C

|Az|—0, n—o0

or
1
/ zdz = 5(32 — A% = —(22 - )
C
The following properties follow the definition easily

/C (af(2) + Bg(2)]d= = a /C F(2)dz + B /C 9(2)dz
/ f(z)dz = f(z)dz+ | f(z)dz
C Cq Co

/_Cf(z)dz = —/Cf(z)dz

where a, 8 € C, C1 + Cy = C (i.e., C; and Cy joined is the contour C), and —C' is the
contour C' with direction reversed. It is also easy to see from the definition that if one writes
f(z) = ulz,y) +iv(z,y), dz = dz + idy, then

/ f(z)dz = / (u+ ) (dx + idy)
C C
= / (udx — vdy) + ’L/ (udy + vdzx)
C C
where the real and imaginary parts are ”line integrals” in the zy-plane.

Example: Let us evaluate [, c 22dz with C as shown *insert image here*. We can parametrize

C by y =t, v = 4t?, t changes from 2 to -2. Then, since (z + iy)? = 22 — 3% + i2xy, we have

u=1x?—y? v=2zy and

/C 22dz = /C[(ac2 —yH)dx — 2xydy] + i /C[2xyd$ + (2% — y?)dy]

= /_2[[(4 — %)% — %] (—2tdt) — 2t(4 — t*)dt] +i /_2[275(4 — ) (=2t)dt + [(4 — t?)* — t?]dt
2 2

2 0 2
_ L2 4 o2 i V(A Eg2) 2
- [ ”*Wt*/a (4= )4 - 52) — 2] at

even

0
=2 / [5t1 — 25¢% + 16]dt
2

25 0

=2 [t° — §t3 + 16t]

9 3

Example: Let f(z) = (z —a)"”, n € Z, with C circular as shown *insert image here*. A
parametrization of C is '
C:z=a+Re?, 0<¢<2r
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Thus, dz = Rie’?d¢$ and
2
/ z—a)"dz —/ R"e™?(iRe')dg
0
2
/ ZRn+l Zn+1¢d¢
0

{ R"Jrl Z(TL+1)¢ ’271’ ,n;«é—l

z27r ,n=—1
0 n#—1
| 2r ,n=-1

Note that [, zdz = 0 for any closed contour, whereas [ 2dz = 2i. Similarly,
/(z—a)"dz:OVn;'é -
C
where as [, c ﬁ =27
5.5.4 A Bound on The Contour Integral

In = > 11 [(Qr)Az so that

[ Tal = 1) FQu)Azk] <D 1£(Qr)|| Az

n
and if there is m > 0 such that |f(z)| < m, Vz € C, then |J,| < mz |Azg|. As n — oo and

k=1
|Az| — 0, we have
li Azp| =length of C =L
n%oo,l%z—m; | Zk| cugth o
Therefore
Cf(z)dz <M-L (5.8)

where M is an upper bound for f(z), z € C and L is the length of the contour C.

Example:

I= /C Zf;‘;(j)g)dz
where C'is the positively oriented contour |z| =5 (circle of radius 5 centered at origin). We
have
|sin(z)| = |sin(x) cosh(y) + i cos(z) sinh(y)|
= [sin?(z) cosh?(y) + cos?(z) sinh?(y)]'/?
[sin®(2) + sinh?(y)]'/?
< [1 4 sinh?9]'/? = cosh(y) < cosh(5)
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and, for |z| =5 on C, two vectors shown have minimum length 2, so
|22 4+ 9| = |z — 3i|z + 3i| > 4
It follow that
| sin(z)] < cosh(5)
12]|22+9] — 20
Also, L = 275 = 10, so that |I| < § cosh(5)If C' is a closed contour, then we will denote the
integral along C of a function f(z) by
75 f(2)dz
C

Theorem: (Cauchy-Goursat) If f(z) is analytic on and inside a closed contour C, then

5150 f(z)dz=0

Cauchy-Goursat Theorem can be proved using the Cauchy-Euler equations on f = w + v
and Stoke’s Theorem.

Corollary 1: If f is analytic in a simply connected domain D (no holes), then [, f(z)dz =0
for every simple closed contour C' lying entirely in D.

Corollary 2: If f is analytic in a simply connected domain D, then [, f(z)dz is independent
of path in D, i.e., the value of the contour integral depends only end points of C.

To see why Corollary 2 is true, consider any two C7,(Cy with same end point. Then,
C = Oy — () is a (positively oriented) simple closed contour so that

b= [ pez= | pee- [ pe
C CQ*CI CQ Cl
by Cauchy-Goursat Theorem, which gives path independence.

Corollary 3: Consider two simple closed contours C; and Cs, both positively oriented, such
that C'1 can be obtained from Cs by a ”continuous deformation”. Then,

f(2)dz = b f(z)dz
C Cs

for any f which is analytic in a domain D that contains C' and Cy both. To see why, consider
that C = C3+Cy—C3—C" is a positively oriented simple closed contour so that 350 f(z)dz=0

Example: By Corollary 3 and the example on page 74, we have that
r2mi ,n=-1
PAY ) — )
750(2« a)"dz { 0 nt-1
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not only for a circle but for any contour C' that encloses the point a in the positive direction.

Example:

dz
L= 750 22(z —2)(z — 4)

We have that, by partial fraction expansion
j % 31 n 11 1 1 n 1 1
B 32z 822 8z-2 32z2-4
3 1 1 1 1 1 1
dz 7§ — — 7§ + —= dz
32 8 CZ2 8 02—2 32 02—4

1 1 1 m

3 | |
=33 (27rZ) + g(O) — 5(2%1) + ﬁ(0) ST

where the first three terms are by the example above and the last by Cauchy-Goursat Theo-
rem.
5.5.5 Fundamental Theorem of Complex Calculus

Let f be analytic in a simply connected domain D and let zy be any point inside D. Then

i)
/f

is analytic in D and, for every z € D, G'(z) = f(z), where the integral from 2 to z is a
contour integral that starts at zgp and ends at z along any simple contour C' lying in D.

ii) If F'(z) is any anti-derivative of f(z), then

/ T F(Q)de = F(z) — F(z) (5.9)

Proof: The contour integral along C from zg to z is independent of path by Corollary 2.
Let Az be such that z + Az € D and note that

et 66)_ L[ :W 50~ [ o]

z+Az
e RO

24+Az z+Az
L / P+ 5 / F(O) — f(=))d¢

1 2+Az
el B GRE

By continuity of f at z, given any € > 0, there exists f > 0 such that |Az| < ¢ implies
|f(2) — f(¢)] < e. Then we have that

G(z+ Az) — G(2) 1
A fz)| < ’AZ|6‘AZ| for all |[Az| <6
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This proves (i). To see (ii), note by (i) that G(z) is an anti-derivative of f(z). If F(z) is
any other anti-derivative, then G’(2) — F’(z) = 0 so that G(z) = F(z) + C for a constant
C. Now, G(20) = F(20) + V = 0 so that C = —F(2), i.e., G(2) = F(z) — F(z0) so that
(5.9) holds.

Example:

3
/2 sin(z)dz = — cos(2)[3; = — cos(3) 4 cos(2i) = cosh(2) — cos(3)

%

by the fact that sin(z) is entire (analytic in an open set includes the points 3 and 2i) and its
anti-derivative is — cos(z)

Example:
/ —dz
1+ 2

L is not analytic at the origin. The value of the integral

This problem is not well defined since

differs if the path is C; or Cs.In fact,
1 1 1
/ —dz =27 = —dz # —dz
C1—Cy # Ccy 7 Cy ?

In order to evaluate these two integrals using the Fundamental Theorem, we need to choose
different anti-derivatives of 2. For Cs, a suitable anti-derivative is log(2)(0 < r < oo, —m <
6 < 7). For C4, it may be log(z)(0 < r < oo, 0 < 6 < 27)

1 —i
/ Lz =tog(2) I,
Cy ?
- 13% — (In(V2) + i%)
R

= —In(v2) +i—

4
1 -
—dz =log(z) |1,
Cy ?

- —ig — (In(v/2) +i%)

5.5.6 Cauchy Integral Formula

Let F(z) be analytic in a simply connected domain D and let C' be a simple (piecewise
smooth) closed contour in D with positive orientation. If a point a is enclosed by C, then

f(2)

cr—a

dz =12 f(a) (5.10)
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Proof: By deformation corollary (Corollary 3), for the circle C’ with center at a shown above
*insert image here*, we have

G g f S, f fE) - S

cr—a cr < —a c’ zZ—a i
= 2mif(a) + H&) = 1),
c’ zZ—a

1

By continuity of f at a, give € > 0, there is f > 0 such that |[z—a| < § implies | f(z)—f(a)| < €.
Let p be less than ¢ so that for all |z — a| = p, we have |f(z) — f(a)| < e. This gives that

HE Mdz < EZT(‘,O )
c’ z—Q P
implying, for any € > 0, that,
LZ)dz —2mif(a)| < 2me
cr—a

and hence (5.10) follows.

Example:
I= )d
7§f = I (z—2)(z—|—4)

: e : L : : e
Since g(z) = 10 analytic on and inside C': (|z] < 3), we can write I = 2mig(2) = e
by Cauchy Integral Formula (5.9).

Generalized Cauchy Integral Formula:
(5.10) generalizes to
f(2) 210 )
——————dz = " :n=20,1,2,... A1
b Loz = ) s n= 01,2 (511)

Example: Let C' be the positively oriented unit circle and note by (5.10) (with n = 2,
f(z) = e*, a=0) that
e® 2mi  d? 2mi

— ——¢€° =—e =T

o BT a2t | T 2

Formula (5.11) shows that if f is analytic inside and on the contour C, then the derivatives
of every order of f exists at each point a inside C'

Remark: (5.11) can be remembered easily as it is obtained by taking derivatives of (5.9)
with respect to a on both sides.
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5.6 Complex Series

Consider
o0

ch:cl—i—@—i—c?,—{—... i cp €C

n=1

which is said to converge to a number S if Ve > 0, 3 and integer N such that the partial sums
Sp=c1+-+cp

satisfy |S, — S| < € ¥n > N. Otherwise, it diverges.

Cauchy Convergence:
o

An infinite series Z cpconverges if the partial sums S, is a ” Cauchy Sequence”, i.e, if Ve > 0,
n=1

there is N(€) such that |S,, — S,| < e Vm,n > N (e)

Comparison Test:

oo o0
If |¢,| < my, for all n greater than some integer Ny and if Z m,, converges, then Z cp, also

n=~Np n=1
converges

Ratio Test:

Cn+1
Cn

If lim

n—oo

o
= L, then ch converges if L < 1, diverges if L > 1, and the test of L is

n=1

inconclusive if L =1
A Necessary Condition:

o0
L1f ch converges, then lim ¢, =0
n—oo

n=1
Example:
o0 . . n
1 " 1 " 2 2
(1) ZQ converges since Q = \/_'" < \g; for n > 4 = Ny and since
=0
s (ﬂ)n
Z — | converges.
n=0
e .
(2) Z e~ (2307 converges by the ratio test since
n=2

lim (Cn—H) = lim e ®H¥)| =2 =L <1

n—o0 Cn, n—oo

!The necessary condition follows by Cauchy Convergence by setting m =n — 1
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00 3
14n
(3) g ( + ) diverges since the necessary condition fails, i.e., since

2+n
: 1+n
i (555) =170

n=0

5.6.1 Power Series
oo
Zan(z—a)”; a€C,a,€C, n=0,1,2,...
n=0

and z takes the complex plane as well.

Convergence Test for Power Series

Gn41
an

If lim

1
= L, then the power series converges in the disk |z — a| < T diverges in
n—oo

|z —al > I If L = oo, then the power series only converges at z = a and if L = 0, then it

converges in the whole complex plane, i.e., V|z — a| < co.

Proof: Let

Ani1 (Z _ a)n-i—l

an(z —a)”

| On+1

|2 = a

n —

n

Then, by the ratio test applied to ¢, = a,(z — a)™, we have that

1
|z —al < 7 = li_>m pn <1 = convergent
n—oo

1
|z—a|>— = lim p, >1 = divergnet
L n—00

[o¢]
Example: Z 2" converges if and only if |z| < 1 since L = 1 in the above test and by the

n=0
fact that when |z| =1, lim |2"| # 0 and the necessary condition for convergence fails.
n—oo

Fact: If a power series is convergent at a point zy € C, then it convergence Vz in the
open disk |z — a| < |29 — a|

Proof: By convergence at zy, we have lim a,(z9 — a)” = 0, by the necessary condition
n—o0

for convergence. Hence, there is K > 0 such that Vn, it holds that

K

‘an(Z(] —a)"| < K, or, ]an| < m
This implies

n
lan(z —a)"| < K S

Z0 — a
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oo o0
<1, Z is convergent. By comparison test, Z an(z—a)"

n=0 n=0
is also convergent in the disk |z —a| < |29 — a|. By this fact, there are only three possibilities

for the convergence of a power series:

n
z—a
for z such that

zZ0 —a 20— a

1) The power series converges only at z = a. (trivial case)
2) It converges everywhere, i.e., for all z such that |z — a| < cc.

3) There is R > 0 such that it converges in the disk |z — a| < R and diverges in
|z —a] > R. Such an R > 0 is called the radius of convergence of the power series.
In 1 and 2, we may say R = 0 and R = oo, respectively.

5.6.2 Taylor Series

If f is analytic at a € C, then, by definition of analyticity, there is a disk |z — a| < p in which
1'(2) exists everywhere. By generalized Cauchy Integral Formula, derivatives of all order f
also exist in this disk.

Theorem:?(Taylor Series) Let f be analytic in a domain D with a € D. Let R be such
that the disk |z — a|] < R lies in D. Then, for all z in the disk, we have

)y
Fo =S L@ gy (5.12)

i.e, the power series on the right converges to the value at z of f. This representation of f(z)
is unique. Note by the explanation before the statement of the Theorem that if f is analytic
at a point a, then a Taylor Series Expansion (5.12) exists in a disk |z — a| < p (although p
may be small number). The uniqueness statement implies, that if we obtain a power series

s (n)
for f(z), i.e., find a, such that f(z) = Zan(z —a)", then a, = / '(a) Vn > 0, necessarily.
n!
n=0
Example
(1)
1 2 k ok
::14_2_’_2/ ++z +—kzoz

converges for |z| < 1, i.e., in the disk of radius one centred at the origin. Hence, this
power series about a = 0 is also the Taylor Series of (1 — z)~! by uniqueness, i.e.,

1 d" 1
i |
nldz" \1-2/|,_,
(2)
1 2 4 6 S n _2n
1_1_22:1—2 +25 -z +-~:T;)(—1)z

2Proof of the Taylor Series result is done using generalized Cauchy Integral Formula(See p. 1215 in Section
24.2 of the textbook)
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converges if and only if |2| < 1 as well since | — 22| < 1 if and only if |z| < 1. This is the
Taylor Series about a = 0.

3)

eZ

fz) =

cos(z)
Its Taylor Series about @ = 0 can be determined from

22 23 22 A

Izttt =(aptarz+agz® +..)1 -+ —..)
which gives ag =1, a1 = 1, ag = 1, ag = 2, etc. Since f(z) is analytic in |2| < 7/2, the
series converges for |z| < m/2, and only for such z. That is, the radius of convergence of

f(z)is w/2.

The past example uses the multiplication property of power series. If «, 8 € C, then

aZan(z —a)" + ﬁan(z —a)" = Z(aan + Bby)(z — a)"
n=0 n=0 n=0
(Zan z—a) > <Zb z—a) ) :Z Zajbn_j (z—a)"
n=0 \ 7=0

= Zan(z —a)" = fl(z)= Znan(z —a)"!
n=0 n=0

where f’(z) and f(z) have the same radius of convergence

Example

(1)

_Z:l n—l
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5.6.3 Laurent Series

A function like Sm(zz)

z
z = 0. However, it can still be expanded in power of z:

has no Taylor Series Expansion about a = 0 since it is not analytic at

sin(z) 1 1 1 4
2 2 3177 7!

which differ from a power series by the existence of negative powers of z (% above). Such a
series is called a Laurent Series.

Theorem: Let D be a closed region between and including two concentric circles C; and
Co, centred at a. If f(z) is analytic in the interior of D, then it has the Laurent Series

Expansion
oo

f)= Y clz—a)" (5.13)

n=—oo

valid inside D, where ¢, (n € Z) are uniquely given by

g fQ

2w Jo (C—a)t!

dg
for any positively oriented, simple closed contour C lying inside D and enclosing a.

Remark: If f(z) is also analytic on and inside C;, then for n > 0, the generalized Cauchy
" (a)

n!
¢n = 0. This reduces (5.13) to a Taylor Series (5.12).

Integral Formula (5.10) gives ¢, = and for n < 0, Cauchy-Goursat Theorem gives

1
Example: Let f(z) = - and consider a = 0. Consider the regions D; and Do, in
—_— z+1

both of which f(z) has a Taylor Series about a = 0 valid in D; given by

1 1 1 >
D1(|Z| < 1) : o = Zl—iz — _'LZ(ZZ)TL
n=0

In D, we are in the situation of the Laurent Series Theorem, where C; : unit circle and Cj :
circle of radius co. Hence

1 1 1 1 i\"
D >1): == i —75 -
2(l2] ) z+1 z <1+;> z£ < z)

=0

is the Laurent series about @ = 0 valid in |z| > 1, i.e., Da. Suppose now that a = 2.
Then, there are again two regions inside which f(z) is analytic: D3 : (]z — 2| < v/5) and
Dy : (]z — 2| > v/5). In both regions, we are again in the framework of Taylor and Laurent
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Series Theorem.

1 1

Z+1 2-2+2+1
1 1

T21il+

D3!

z—2
2+1

1 = 2\"
-2 (5
(50

n=0

o~ ()"
= g ———~—— (2 —2)" (Taylor Series about a = 2)
1l
=2+
Dy : L - = ! .
z+1 z2—242+41
1 1

z—21+%

1 n(2+0)m"
_z—QZ(_l) z—2

n=0

=> (-)"@+)M(z—2) "
n=0

= Z (=) 124 i)~**+D(z — 2)* (Laurent Series about a = 2)

k=—00
Note that the series expansion in Dy after the third equality is valid (convergent) of and only

94
if +; < 1, if and only if |z — 2| > 5

has singularities at km for k € Z. If a = 7, then f(z) has a

Example: f(z) = Sn(2)

Laurent series valid in D : (0 < |z — w| < 7) shown, The series expansion can be obtained as

follows
1 1 1 1 Z—

sin(z) B sin(z —m+m) sin(z—m)  z—msin(z —7)

Let w = z — 7 and note that

w w 1 1+1 2, 7 4
sin(w) wa’“ 1_%!24_%?___, 6 360
!
k odd

where the last equality is obtained by long division. The series thus obtained is convergent
for all |{w| < m and hence for all |z — | < w. The Laurent Series

1 1 1 7
— 14—+ (r—m)r .. | =— B
sin(z) z—T [ + 6(2 ™)+ 360(2 )+ z—T 6(2 )

is, on the other hand, valid for all z such that 0 < |z — 7| < 7
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Example: ¢!/ is analytic in 0 < |z| < co. Its Laurent Series about 0 is obtained from

0 k
eV = m with w =1/z
k=0
e} 0
1 1 1 n
ZE =D —n)”
k=0 n=-—oo

5.7 Classification of Singularities

If f(z) is not analytic at a point z = a but analytic in a neighbourhood of it, then a is an
isolated singular point of f. Otherwise, it is a non-isolated singular point.

Example

(1)
1

sin(%)

f(z) =

1 1
is singular at z = 0 and at z = T for k # 0, k € Z. All singularities at — are isolated
T

T
but z = 0 is a non-isolated singular point since every disk 0 < |z| < p contains infinitely

many singularities T for sufficiently large k € Z, no matter how small p > 0 is.
i

(2) f(z) = log(z) is singular at all points on its branch-cut, all singularities on which are
non-isolated.

(3) f(2) = |2|? was shown to be nowhere analytic so that each point on the complex plane
is a non-isolated singularity.

Suppose now that f has an isolated singularity at a. This means that, there is p > 0, such
that f is analytic in the deleted neighbourhood 0 < |z — a| < p of a. Hence, f has a Laurent
Series Expansion about a:

[e.e]

)= elz—a)" = Fcy

n=—oo

1
+c_q +co+ciz—a+...
Z—a

1
(z —a)?
If there are only a finite number N of negative indexed terms in this expansion, then a is a
pole of order N of f:

F6) = oo o o+ e

1
7a+co+cl(z—a)+...
If, there are infinitely many negative indexed terms, then « is an essential singularity of f.

Example

'z” has an essential singularity at z = 0.
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(2) f(z) = = has two Laurent series about z = 0:

22(1—2)
0<|z]<1: f(z):$(1+z+z2+...)
1 /1 1
|z| > 1: f(z):—; <Z+22+...>

According to our classification, there is a pole of order 2 of f, and 0 is not an essential
singularity.

5.7.1 Picard’s Theorem

If z = a is an essential singularity of f(z), then in each neighbourhood of a, f(z) = ¢ for
every given complex number ¢, except at most one number for an infinite number of values
of z.

1
In|c| +i(6y + 27k)

1
Example: ¢'/? = ¢ = - =log(c) = In|c| + i(fp + 27k) so that z;, =
—_— z

for k € Z. The exception to ¢ values here is ¢ =0 !!

If z = a is a pole, then |f(z)] —— oo, because, say for a second order pole,
zZ—a

)= Tt e tat ot

9(2)
= |(z=a)’f(2)| = [e-2 + c-1(z — @) + g(2)(z — a)

. 2 —0. %
tim {|z — af?| ()|} =0 lim [c_o

?|

so that lim |f(z)| must be co.
zZ—a
If z = a is an essential singularity, |f(z)] —— oo is not true.
zZ—a

Example:

1
—— lim ev? = oo but
z=0 y—0
y—0

[y
NM‘ —

_ L
—— lime 22 =0
y=0 z—0
z—0

®
NM‘H

5.7.2 Relation to Zeroes

If f is analytic at a, then it has a Taylor series about a

f"(a)

51 (z—a)®+...

f(z) = f(a) + f'(a)(z — a) +
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If fa)=0, f'(a) =0,..., f*D(a) =0, f*¥)(a) # 0, then f is said to have a zero of order
(or multiplicity) k& at a. Then, the Taylor series of f is

— f"(a #)(q ‘
f(z):Zf ()(z—a)":f ()(Z_a)k+_.._|_(hlgherorder)

n[ ]{7' terms
n=~k

Example: sin(z) has a first order (simple) zero at every z = km (k € Z). 1 — cos(z) has a
274 order zero at z = 0 and simple zeros at 2km. sin®(z) has a 3¢ order zero at z = 0 and at

z=km, k #0. sin(z%) also has 37 order zero at z = 0.

p(2)
q(z)

pole of order @ — P at a provided Q > P and is analytic at a (with a zero of order P — Q)
of Q < P.

Fact: If p(z), g(z) have zeros of orders P, @, respectively, at a, then f(z) = has a

Example: f(z) =

A
— -3
( z)(2( 2) has candidate singular points at z = nw, n € Z. Let

S11 Z

p(z) = (m = 2)2%(2% = 3), q(2) = sin(2)

2=0:P=2 Q=2 = analyticif z=0
z=n:P=1, Q=2since sin’z = sin®(z — 7 + 7) = sin?(z — 1) = (z—w)Q—é(z—ﬂ)4+...
so that f has a simple pole at 7.

z=nm,n#£0, n#£1:P =0 Q=2 = 2™ order poles at such points.

5.7.3 Residue Theorem

Let z; be an isolated singularity of f(z) and let ¢; be a positively oriented circle of radius
p > 0 about z; such that f is analytic in the disk 0 < |z — z;| < p, (i.e., everywhere on and
inside the circle except at z;). The residue of f at z; is

Res f(z 55 f(z
z=z; 27T’L

By the Laurent series of f in the disk 0 < |z — z;| < p about z;, it follows that the coefficient
c_1 of (z — z;)7! in the series is
—1 = Res f(z)

Z2=Zzj

Theorem: Let f be analytic on and inside a positively oriented contour C except at the
isolated singularities z1, ..., zx inside C. Then

yﬁf( dz—2mZResf
C z= Z]

Proof: By deformation results Corollary 3 on page 75, we have (in the figure above)

75 f(z)dz = f(z)dz + f(2)dz = 2mi(Res f(z) + Res f(2))
C C1 Co F=41

z2=2z2
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Example:

1 ,
1= Tt B + By

(z—-2)
—_—
7(2)
11 1 1
UG y pr) - Rl f popuy

22%1[1—1—(2—1)4—(2'—1)24-...]2

above)

= Res = 1 (coefficient of

1 I
(z—2)22z-2+1 (2—2)2[

I;{ZeQSf(z) 1—(z=2)+(2—2%*+...]

== RGQS = —1 (coefficient of above)
z=

Hence, I=1—-1=0

1
Example: [ = 75 2t sin () dz; C is positive unit circle. There is only one singularity
C z
at z = 0 inside C', which is an essential singularity. The Laurent series about 0 is
1 1 11 11 11
B i N e T
f(z)—zsm(z)—z <z 3!z3+5!z5 7!z7+”'>
3 1 11 11

that Res f(2) = = — —— Hence, I = 2mi—— — ™ Th le makes the point that
SO a €S )= — = ——. ence =Ml = —. 1S example makes € poin a
) 51~ 120 ’ 120 60 P P

the residue is valid whenever the Lauren Series exists.

Calculation of Residue for Poles
Given that f(z) has a a pole of order N at a, we have

1 1
f(Z) = C,Nm + CfN+1m + ...

— (z—a)Vf(z)=c.n+enpi(z—a)+...
so that (z — a)"V f(2) has the Taylor series about a given by the right hand side. Hence,

1 d
C-N+L = 77 [(z=a)Vf(2)]]._, ;1=0,1,2,... . N—1,...

1 dN—l
- DaenT (5~ 9G], = Res f2)

(5.14)
—— C_1 =
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Application of Residues to Real Integrals
Consider the improper integral

. R dr *  dx
I = lim 5 =
R—oo [_pa?+1 o 2+ 1

Let C := Cy + CRr and consider the integral

dz 1
_§£C,22+1’f() 2241

If R > 1, then by the Residue Theorem, J = 271 Rels f(2), as z = i is the singularity inside
—

C. Thus, J = 2mi = m, by (5.14). On the other hand,

Z+1 i

B dr dz
J = 2 1 2
CO CR _RT + ]. Cr 24 4+ 1

Rod
I = lim 271‘ = lim J — lim =7 — lim f(z)dz
R—o00 _RZ + 1 R—o0 R—o0 Cr R—o0 Cr

so that

But for z € Cg, we have, by the figure above *insert figure*, |z —i| < R—1, |z+i| < VR? +1

101=| 21| = e <
zZ)| = = p >
Z2+1 lz—illz+1 7 (R-1)VR?+1
which gives that
2R
lim z)dz| < lim =0 5.15
R—o0 CRf( ) ~ R—oo (R—l)\/RQ-}-l ( )
It follows that lim = 0 also and, hence I = 7. Alternatively, (5.15) can also be shown
= Jor
noting that z = Re'’, we have
/ d | _| (", iRedf) | /” R 7R
CR22+1_ 0 R2¢i20 1| = 0 R2 T R2 -1

which gives the same result.

> cos(ax)
2 +1

Example: I = / dx, a > 0. This time consider
0

16 = o T = [ 1

where C' is the same semi-circle as in the *figure* on page 89. We have

R eiax eiaz
J = dx —d 5.16
/R:c2+1 +/0Rz2+12 ( )
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For any R > 1, J = 2miRes f(z) = 2mi ( ¢ )

- =me “.
z+1/)|,—;
Further, for any z € C, we have z = Re® and
|eiaz| |eia(x+iy) |
£l = |22 4+ 1| - T2ei20 4 1] < €Y. e C
| e + |—R2+17$+7’y€ R
Hence,
Re~%
lim f(2)dz| < lim 5 — =0
R—o0 Cr R—oo R?—1

Yy—00

Taking limits as |z| — oo or R — oo and y — oo in (5.16), we get
oo ax el(lZ
e [T [
0 T°+ 1 R—oo o, 27+ 1
00 aT
= / s dx
oo T4+ 1
Taking the real and imaginary parts of the two sides, we get

/ cos(ax) iz = me—. / sm(aaﬁ)da} _0

oo TE+1 T oo 21T
It follows, by the fact that the integrand (:025 (j_mi) is even:
x
1= /OO COQS(a:E)d = —qme @
0 T + 1 2

5.7.4 Definite Integrals

27 1 @
I = I V. N
/0 2 — sin(6) d0 yé; 9 _z=z"

24

Example:

where z = € for a point on the positively oriented unit circle, so that

-1 _ 1 .
cos(f) = i, sin(f) = S . dz = ie"df = izdb
2 23
Hence,
f(2)
dz -2
I :§£ 5 :55 5 - dz
C .. z¢—1 c2c—4diz—1
20z — —

Singularities of f(z) are at z; = (2 + V/3)i, 22 = (2 — V/3)i and 2 is outside the unit circle,
whereas z9 is inside. thus

1
z— 21

= 2mi Res f(z) = —2(2mi)

z2=2z9

2=29 Z2 — 21 V3
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Example:

s
1 :/ cos(t) dt, —1<a<1
o 1—2acos(t)+ a?

Since the integrand is an even function of ¢, we have

1 [ cos(t)
== dt
2 /_7r 1 — 2acos(t) + a?
1 (z+271)/2 dz

T2 fé 1—2a[(z+2"1)/2] +a? iz

1 2241
= " lai e\

f(z)

The singularities of f(z) are at z1 =0, 20 = a, 23 = % and 21, 29 are inside z3 is outside the
unit circle C'. Hence
2241
1
2(z — a)

2241
2 _ 14a?
z o Z+1z:0

=2 [ 0 e 0] - |

" dai

:>I:_7T<1+a2+1> Ta

] (~55)

2a 2-1) 1-a
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